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PREFACE. 



This treatise is published with a view to facilitate 
the learning of Geometry in its first stages. It is very 
generally acknowledged that Euclid's ^'Elements" is 
unfit, as a text-book, for the quick and eflfective educa- 
tion in Geometry of the youth of the present age. A 
treatise which would combine all the excellences of 

« 

Euclid with the advantages of the nomenclature and 
methods of Modern Geometry, and place the subject 
before the student in a plain, natural order of develop- 
ment, has been very much desired. This work pro- 
fesses to be, at least, a fair approximation to the ideal 
of such a handbook. It, no doubt, has its faults ; 
but, taken as a whole, it may, nevertheless, be a move 
in the right direction. 

The course I have followed is, to take the materials 
of Euclid, to add to them, and, retaining his plan of 
stating every distinct theorem or problem in a formal 
proposition, to arrange the whole in what I should 
(Conceive to be a simple and natural order of demon- 
stration — such an order as was suggested, two hundred 
years ago, by the distinguished Ahtoine Arnauld, in 
his "Port-Royal Logic" — and to do this, not in an 
antiquated and semi-syllogistic style, but in the 
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ordinary language in which all modem English 
mathematical books are written. 

The first step was to separate the problems from the 
theorems, on the ground that the former are by no 
means necessary. to the demonstration of the latter. 
The reasons for taking this course are given in the 
Second Note to the Appendix, the chief of which is, 
that problems not only derange the natural order of 
the theorems, but unnecessarily do so. Consequently, 
the problems in this treatise are given at the ends of 
the several chapters, excepting the first, which hardly 
furnishes material for a problem, being confined to the 
right line, or directive. 

The course was thus open for a natural arrangement 
of the subject. After much consideration, and having 
in mind the acknowledged fact — "The reproach of 
geometry " — that Euclid never proved the twenty- 
ninth proposition of his First Book on any basis of postu- 
lation or assumption more evident than the proposition 
itself, I could not resist the conclusion that there was, 
in his system, some definition left out or important 
geometric idea overlooked. That idea was Direction. 
{See Appendix^ Note 1.) Afterwards, I ascertained 
that ^^ direction" had often been suggested by geo- 
metricians — as may be seen in the article on 
Parallels in the Penny Cyclopaedia — as the true 
basis of a doctrine of parallel lines. Confirmed 
thus in my convictions, it became clearly evident to 
me that right lines, or directives, must contain within 
themselves, in their intersections, all their angular 
properties without any need of finite line, triangle, 
or circle, to make them manifest. Hence, the 
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Firet Chapter of this treatise is confined to the con- 
sideration of the directive, the simplest of all figures — 
if it may be called a " figure " — ^the distinctive quality 
of which is sameness of direction throughout. 

The next, and only other, figure of which Elementary 
Geometry treats is the Circle, the natural function of 
which seems to be the furnishing of a comparative 
measure of the lengths of finite right lines, that is, of 
portions of directives — which be equal, which greater, 
and which less ? Thus the directive should precede 
the circle ; and the circle, which by itself has no pro- 
perty but symmetry of form, in its intersections with 
directives, and aided by the directive, should make 
manifest its own peculiar properties. This seems to 
me to be the natural and truly philosophical basis of 
an elementary geometry of the right line and circle ; 
and, for that reason, the Second Chapter is given to 
the circle, which is first considered in reference to its 
intersections with directives and with other circles, 
and afterwards as to its tangencies. 

The properties of directives and circles being thus 
established, the next step is to apply them to the 
determining of the relations of the sides and angles of 
a triangle to each other, and to the several cases of 
equal triangles — also to the relations of the sides and 
angles of parallelograms, which are but cases of two 
equal triangles on opposite sides of a diagonal. The 
isosceles triangle, the properties of which come imme* 
diately from the circle, takes the lead in tljese demon- 
strations, which are given in the Third Chapter. 

In these three chapters there is no mention of an 
area. They are confined to the right line and circle 
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in their relations of angular afnd linear magnitudes, 
including those of the triangle and parallelogram. 
Area is, for the first time, introduced in the Fourth 
Chapter, in which it^is considered, by the aid of 
Euclid's principle of superposition, in reference to 
areas generally, to the equality of the areas in the 
several cases of equal triangles, and of equal segments 
and sectors of circle — and, also, the equality of the 
areas of parallelograms and triangles on the same or 
equal bases and between the same parallels. Thus, 
in the first four chapters, almost the whole substance, 
theorems and problems, of Euclid's first, third, and 
fourth books are given. 

Euclid's Second Book, placed between two com- 
paratively easy ones, is out of place, and has been a 
sore stumbling-block to young beginners. Its subject- 
matter is here held back for the Fifth Chapter, not on 
account of this difficulty, but because the theorems 
and problems are more advanced, and should, there- 
fore, in a natural order of demonstration, take later 
rank. This will be an advantage to the student, who 
will, moreover, find the subject more fully explained 
than it is in Euclid, and in two different points of view. 
Also, several propositions — the forty-seventh and 
forty-eighth of Euclid's first book, the thirty-fourth 
to the thirty-seventh, inclusive, of his third, and the 
tenth, eleventh, and'slxteenth of his fourth — are trans- 
ferred to the Fifth Chapter as their proper place, they 
being propcjsitions relating to or depending on squares 
and rectangles. The forty-seventh, in this treatise, 
immediately precedes two theorems (Euclid's twelfth 
and thirteenth. Second Book) from which it should 



PBEFAOE. IX 

never have been disassociated. It id evident that 
Euclid placed it in his First Book solely with a view 
to prove the ninth and tenth theorems of his Second^ 
which, however, could have been easily proved with- 
out it. No other motive, at least, can be assigned for 
his taking it out of its natural place. 

The Chapter on Proportion stands in its traditional 
place — the natural place — at the end of the treatise. 
The criterion of proportion used is that of Elrington, 
by 9u6multiples. This test is here adopted because it 
is more easily understood by young students, and also 
more conformable to the common notions of proportion. 
Moreover, it holds good, in all strictness, for commen* 
surable magnitudes ; and, as. to the incommensurable, 
it holds equally good if the equisubmultiples taken 
of the first and third terms be infinitesimals. This 
question is considered fully in the Sixth and Seventh 
Notes of the Appendix; where, moreover, an illus- 
tration is given of Euclid's criterion which may 
make its meaning clearly understood by the student. 
The right conclusion as to the two tests is, pro- 
bably, that both should be given in a treatise on 
elementary geometry^ each having its own peculiar 
advantages. 

To a few other matters I have to refer. The first 
is, that, as to strictness of demonstration and the 
bases on which it is made to rest, there is no geo- 
metric principle assumed in this treatise which has 
not in one form or another been assumed by Euclid. 
The introduction of Direction as a basis of the science 
takes the place of Euclid's fifth postulate, the differ- 
ence being that the reality of direction is far more 



X PREFACE. 

evident than the postulate. The First Lemma here 
given is but little more than his assumption that 
"all right angles are equal;" and the Second is 
a larger and more definite account of the principle 
of "superposition." These are the only geometric 
assumptions here made — the first coming more pro- 
perly under the head of a definition^ and the other 
two of self-evident geometric theorems. 

The Axioms I have separated from the Lemmas^ 
for the reason that they are not purely geometric 
truths, but hold good as much in Algebra and 
Arithmetic as they do in Geometry. For this reason, 
I have described them as " principles of quantitative 
reasoning." A few new axioms are also added, as 
being wanted ; and, into the statements of all, the 
word " magnitudes " has been introduced, to take 
the place of '^ things," as being more expressive and 
to the point. 

As to the word " lemma," I am aware that it is 
not used here in strict accordance with its ordinary 
application ; but it is a convenient term, and has been 
here adopted, agreeably to its derivation, solely to 
denote a pure geometric principle received as self- 
evident. 

In the notation adopted, the student will find many 
advantages. It is applied according to the circum- 
stances of the figure illustrating the demonstration ; 
and, in any large class of cases, a uniformity of 
notation is as far as possible observed, as may be 
noticed in the Fifth Chapter. The impression on 
the student's mind at first might be that the numerals 
subscribed to the letters used in the demonstrations 
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would tend to produce confusion. He will find the 
result to be the very opposite, and that, moreover, 
after a little practice, he may read and understand 
the proof almost without looking at the figure. 

As regards the deraonstratious of the theorems and 
problems, it will be found throughout that a purity of 
geometric reasoning has been maintained free from 
the aid of Algebra, either in its methods or symbols. 
I have, indeed, frequently used such a symbol as 
AO'BO to denote a rectangle under two lines ; but it 
is the only one, and withal legitimate. And, then, as 
to the general plan of the work, my aim has been 
simplification, for the reason assigned by Quetelet as 
to the teaching of the sciences : — '^ The principles of 
sciences rarely present attraction ; but if the entrance 
to the edifice is not the most brilliant part, it ought, 
at least, to be easy of access and conveniently 
lighted." 

W. A. W. 

Atigusty 1875, 



C01TTE2<ra?S. 



Page 
Introduction. Definitions — Axioms — Lemmas — Double 

Conversion — ^Notation . ' . . . .1 

Chapter I. Intersecting Directives — ^Parallel Directives 

— Angles of Triangles and Polygons . . .10 

Chapter II. The Circle — Tangents to a Circle — 

Problems . . . . . .18 

Chapter III. The Isosceles Triangle — ^The Scalene Tri- 
angle — Two Triangles — Parallelograms — Divided 
Triiangles — ^Problems — Exercises . . .40 

Chapter IV. Areas generally — ^Areas of Sectors and Seg- 
ments — ^Areas of Parallelograms, Rectangles, and 
Squares — Problems — Exercises . . .62 

Chapter V. Areas of Rectangles and Squares on Sums 
and Differences of Lines — Internal and External 
Sections of Lines — Principle of Internal and External 
Conversion — Squares and Rectangles on Divided 
lines — Squares on the Sides of Triangles — Squares 
and Rectangles in Connection with Circles — Problems 
— ^Exercises . . . . . .73 

Chapter VI. Ratio and Measures of Ratio — Proportion 
and Tests of Proportion — Changes of a Proportion — 
Similar Figures — Simple Ratio, Theorems — Ptolemy's 
Theorem — ^Theorems on Extreme and Mean Ratio^ 



XIV CONTENTS. 

Paob 
Compound Ratio, including Duplicate, Subduplicate, 

Triplicate, Ex-Equali, and other Ratios — ^Theorems on 

Compound Ratio, including those relating to Similar 

Figures — Problems — Exercises . . .110 

Appendix. Note 1, Direction — ^Note 2, Problems — Note 
3, Areas — Note 4, Theorem 7, Chap. V. — Note 6, 
Semichord of a Point — ^Note 6, Submultiples — Note 
7, Incommensurable Quantities • ' . ^^^ 

Remarks on Geometric Education . . .167 



AN INDEX 

TO FIND EUCLID'S PROPOSITIONS. 



The asteriakB mark the propoBitiona not given in this treatise. 



BOOK I. 

EnoLio. Paok 

1 Problem 83 

2 „ ......... 84 

3 „ 86 

4 46 

5 40 

6 48 

7 • 

8 45 

9 Problem 85 

10 „ 86 

11 „ 86 

12 „ 86 

18 

14 11 

15 10 

16 13 

17 14 

18 48 

19 48 

20 44 

21 

22 Problem 54 

24 47 

25 48 

26 46 

27 18 

28 18 

29 12 

80 • 

81 Problem 87 

82 15 

83 48 

84 49 and 65 

85 65 

86 66 

37 . . : 67 



EUOLIS. Paob 

88 67 

89 67 

40 67 

41 66 

42 Problem 69 

43 65 

44 Problem 69 

45 „ 70 

46 , 61 

47 84 

48 88 

BOOK II. 

1 • 

2 • 
8 , 73 

4 74 

5 ' 82 

6 83 

7 75 

8 78 

9 83 

10 84 

11 Problem 104 

12 87 

13 88 

14 Problem 96 

BOOK III. 

1 87 

2 • 

3 21 

4 22 

5 80 

6 '. 80 

7 / 24 

8 25 

9 



XVI 



INDKX. 



Ettclid. Pa^'E 

10 2S 

n 31 

12 31 

13 31 

14 * 

15 * 

16 29 

17 Problem 38 

18 * 

19 ...: * 

20 26 

21 28 

22 28 

23 

24 

25 Problem 38 

26 26 

27 26 

28 26 

29 26 

30 Problem 38 

31 27 

32 80 

33 Problem 39 

34 „ 39 

35 90 

36 91 

37 92 

BOOK IV. 

1 Problem 60 

2 „ 57 

3 „ 56 

4 , 56 

5 „ 55 

6 „ 60 

7 , 61 

8 „ 61 

9 61 

10 „ 105 

11 , v 106 



Euclid. Faob 

12 Problem 

13 „ * 

•14 „ * 

15 „ 58 

16 „ 106 



BOOK VI. 

1 123 

2 116-7 

3 120 

4 117 

5 118 

6 : 117 

7 118 

8 122 

9 Problem 144 

10 „ 144 

11 „ 145 

12 „ 145 

13 „ 145 

14 126 

15 , 126 

16 128 

17 128 

18 Problem 149 

19 139 

20 140 

21 ♦ 

22 142 

23 137 

24 ♦ 

25 Problem 150 

26 • 

27 ♦ 

28 • 

29 • 

30 • 

31 142 

32 * 

33 124 



ELEMENTARY GEOMETRY. 



INTRODUCTION. 

Geometry is the Science of Form in space subject 
to a law ; and is either Plane or Solid. 

A Point is position in space without magnitude ; 
and^ as such^ has been described as having ^^ no parts." 

A Line is the path supposed to be described 
(whether by a law or irregularly) by the motion of 
a pointy and is length without thickness. 

Direction* is an essential part of our conception 
of space^ and also of a line in its supposed generation 
by the motion of a point. When the motion is in a 
straight line^ there is always a sameness of direction ; 
and when in a curved line^ a continuous cfumge of 
direction. 

It is this sameness of direction which makes a right 
line "lie evenly between two points;" the evenness 
being identity of direction throughout. 



Lines are therefore either Right Lines or Curves. 

A Right Line is a line which throughout has the 
same direction. 

* See Appendix, Note 1. 
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t 

A Curve is a line which throughout continuously 
changes its direction. 

The only Lines we have to treat of in Elementary 
Geometry are the Right Line^ and one Curve, the 
Circle. 

The Right Line is Indefinite or Finite. 

An Indefinite Right Line extends in both 
directions to an infinite distance ; and from its being 
marked throughout its course by its character of 
sameness of direction we term it *^ A Directive." 

To the Finite Right Line we apply generally the 
term "Line;" but sometimes ^'directive," when we 
treat only of its purely directive properties. No con- 
fusion can arise from this ; as the only other line we 
have to treat of is the circle, which we shall always 
term " circle." 

A Plane is a surface, the directive through any 
two points of which lies on the surface. 

Hence it follows that this surface can have no curva- 
ture, or bend, throughout; for, if there were a bend 
anywhere, the directive through two points on opposite 
sides of the bend could not lie throughout on the surface. 

Hence, also, only one plane can pass through two 
intersecting directives ; for, if two possibly could, the 
line joining any two points, one on each directive, 
should lie on both planes, which is impossible. This 
plane is tlie plane of the two directives. 

In Elementary Geometry we treat only of figures on 
a plane, which is " the Plane of the Figures ; " and all 
the definitions, theorems and problems here considered 
are about such plane figures. 

A Circle is a plane curve, every point of which is 
equally distant from another point in its plane^ called 
** the centre." 



INTBODUCTION. 



An Angle is the Divebobncb op two Direc- 
tions. 

An angle is the '' opening of two lines" or directives ; and its 
magnitude in no way depends on the lengths of the lines which 
represent the directives. It is a species of space, quite distinct 
from line, surface, or solid, which may be termed ** angular 
space." 

Angles are either Eight, Acute, Obtuse, or Re- 
entrant. 

A Right Angle is the angle which one directive 
makes with another when it meets it so that the two 
adjacent angles are equal. 

If the directive OM intersect 
AB so that the angle AOM be 
equal to MOB, each of these 
angles are right angles. 




An Acute angle is an angle less than a right 
angle. 

The directive OC makes an acute angle with OB. 

An Obtuse angle is an angle greater than one 
right angle but less than two. 

The directive OC makes an obtuse angle with OA, 

A Re-entrant angle is an angle greater than two 
right angles but less than four. 

In the Figure the angle below the lines AO, DO, is a re- 
entrant angle, marked by the dotted 
arc, so called from the sides AO, DO, 
going hack, as it were, into the figure 
from a position O^, such as that repre- ' 
sented by the meeting of the dotted 
lines AO,, DOy, It is one of the internal 
angles of the Figure, such as A is, but 
is evidently greater than two right 
angles. 




4 ELEMENTARY GEOMETRY. 

The Supplement op an Angle is the angle 
which, with it, makes two right angles. 

Thus two angles are said to be supplementary to each other 
when their sum is two right angles. In the first Figure above 
the angles AOC and BOC are supplementary, 

« 

The Complement of an Angle is the angle 
which, with it, makes one right angle. 

Thus two angles are said to be compl€mentaiv/[^o each other 
when their sum is one right angle. In the first Figure above the 
angles BOC and MOC are complementary. 



Directives are either Divergent or Parallel. 

Divergent Directives are such as meet at some 
point, and thence diverge in dif event directions. They 
sometimes may be termed Convergent directives. 

Parallel Directives are those which have the 
same direction. 



Lines and Curves, when they meet, form figures 
of various kinds, the terms used in reference to which 
should be known. 

A Plane Figure is a continuous outline in a plane 
formed of one or more lines, or curves, and is either 
open or closed ; and is formed altogether of curves, or 
altogether of lines, or of a mixture of lines and curves'. 



Figs. 1, 2, and 3 are closed ; 4 and 5 are open. Figs, 1 and 4 
are altogether curved ; 2 and 
5 are made of portions of 
lines; and 3 is a mixture of 
lines and curves. 

A closed figure always en- 
closes an area, which an open 
figure cannot do. A circle 
is a closed figure, and'encloses 
an area, which is to be care- 
fully distinguished from the curve, which alone is the circle. 



(Z)<^<^ 
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Closed Rectilineal Figures are, according to 
the number of their sides or angles. Triangles, Quadri- 
laterals, Pentagons, Hexagons, &c. ; Polygon being a 
general term applicable to all. 

A Triangle is a closed rectilineal figure formed of 
three lines ; and is termed Scalene when the three 
aides are unequal. If two sides only be equal, the 
triangle is Isosceles. If all three sides are equal to 
€ach other, the triangle is EquilateraL . 

Triangles are named also in reference to their 
angles. If one angle be right, it is a Right-artgled 
Triangle; if one be obtuse, it is an Obtuse-angled 
Triangle; and when all three angles are acute, it id 
an Acuie-^ngled Triangle, 

A Quadrilateral is a four-sided rectilineal 
figure, of which the chief varieties are the Farallelo^ 
gram^ the Rectanglcy and the Square. 

A Parallelogra3I is a Quadrilateral, the opposite 
aides of which are parallel. 

A Rectangle is a Parallelogram, 4he angles of 
which are all right angles. 

A Square is a Rectangle, the sides of which are all 
•equal to each other. 



THE AXIOMS ; 

OR, PRINCIPLES OP QUANTITATIVE REASONING. 

1. Magnitudes which are equal to the same are 
•c(|ual to each other. 

2. If equals be added to the same or equals, the 
wholes are equal. 
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3. If equals be taken from the same or equals^ the 
remainders are equal. 

4. If equals be added to unequals; the wholes are 
unequal. 

5. If equals be taken from unequals, the remainders 
are unequal. 

6. Magnitudes which are doubles of the same^ or of 
equals^ are equal to each other. 

7. Magnitudes which are the halves of the same^ or 
of equals, are equal to each other. 

8. The sum of the doubles of two magnitudes is 
double the sum of the magnitudes. 

9. The difference of the doubles of two magnitudes 
is double the difference of the magnitudes. 

10. The whole is greater than its part. 



THE LEMMAS;* 

OB, SELF-EVIDENT GEOMETRIC PROPOSITIONS. 

1. The angular space round any one point is equal 
to the angular space round any other point. 

2. Figures which can be so fitted to each other that 
their boundaries coincide all round, have their coin- 
ciding lines and angles equal, and, if they be closed, 
their enclosed areas also equal. 



* The word " lemma " is derived from the Greek Ao/ujSdi'w, to receive, 
and means a proposition received as jself^evident. There is another 
alleged deriyation from \tlvu. 
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THE PEINCIPLE OF DOUBLE 
CONVERSION. 

If four magiiitndes, a, by A^ B, aro so related^ that 
when a is greater than b^ A is greater than B ; and 
when a is equal to b, A is equal to B: then^ con," 
veraely, when A is greater than B, a is greater than b ; 
and^ when A is equal to By a is equal to b. 

The truth of this principle, which extends to every kind of 
magnitude, is thus made evident :-^If , when A is greater than B^ 
a is not greater than &, it must be either leas than or equal to h. 
But it cannot be less ; for, if it were, A should, by the antecedent 
part of the proposition, be less than B^ which is contrary to the 
supposition made. Nor can it be equal to h ; for, in that case, 
A should be equal to £, also coutwy to supposition. Since, 
therefore, a is neither less than nor equal to 5, it remains that it 
must be greater than h. 



NOTATION. 

In this treatise such modes are adopted of denoting 
by letters the points^ lines, angles, &c., which form 
the subjects of demonstration, as, in each case, seem 
best adapted to make evident the reasoning, and to 
diminish as far as possible the distraction of mind 
caused by continually alternating the attention be- 
tween the steps of the argument and the lettering of 
the figures by which it is illustrated. A system of 
geometrical notation better than that in common use, 
and which would apply to every case, seems hardly 
attainable ; but much may be done to render the old 
notation less perplexing than it usually is, at least in 
Elementary Geometry. As a general rule, therefore. 
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the old method is adhered to of denoting points by 
letters^ lines by the letters representing any two 
points on them, and angles by the three letters which 
represent their vertices and any two points on their 
legs ; and in like manner for more complex quantities^ 
modifying it, however, with a view to clearness in the 
following particulars : — 

1. Directives are denoted by the last letters (in 
capitals) of the alphabet, X, Y, Z, &c., and, in the 
figures, are represented with arrowheads affixed to 
one of their extremities, indicating their continuity 
beyond the bounds of the page and their proper 
directions. These letters are placed in advance of or 
beside the arrowheads, and alfe used in the course of 
demonstration generally to represent the directives; 
but in particular cases, where it tends to simplifica- 
tion, they are also used with two other letters, in the 
ordinary way, to indicate angles of which the directives 
are the legs. 

2. Parallel directives are denoted by one of these 
last letters, annexing numerals to it to distinguish 
them from each other. For example, the letters 
X» X^y Xg, X3, represent four parallel directives, and 
Yy Fj, 1^25 Y^y four other and different parallels. 

3. Whenever the case allows, without creating con- 
fusion, angles are denoted by the first letters of the 
Greek alphabet, a, )3, 7, &c., writing them in their 
corners. Corresponding angles are denoted by the 
same letters with numeral suffixes. 

4. As points often occur in doublets and triplets 
corresponding in some way to each other, instead of 
denoting them by different letters, the same letter is 
used with the numeral suffixes. 

5. In cases of the comparison of two triangles, 
instead of denoting the vertices of one by different 
letters from those of the other, the same letters 
are used for both^ the unit numeral being affixed to 



INTRODXTCTIOK. 9 

those of the second. Thus, A, B, C, being the 
vertices of one triangle, A^ B^^ C^j are those of the 
other. And the angles of the triangles are indicated 
in a like manner, a, /3, 7, for the one, and ai, )3i, yi, 
for the other. 

6. The sides of the triangle are denoted in the 
usual way by the letters corresponding to each pair 
of vertices. Thus AB and AJB^ indicate two cor- 
responding sides in the two triangles. 

7. A circle it is often found convenient to represent 
by only one letter i?, denoting both the circle and its 
centre, describing them as *• circle R " or *^ centre Ji2." 
And when several circles have different centres, nu- 
meral suflSxes are used. Thus, for example, i2, Ru R29 
&c., represent these circles and their centres. 

8. A Parallelogram, rectangle or square, is notated 
generally, in the first instance, all round the figure 
by its vertices ABAiBi ; but afterwards, in the course 
of demonstration, often the letters AA^, at the ex- 
tremities of a diagonal, are used to denote the parallelo- 

5 ram. The same two letters, or BBiy are also used to 
enote the diagonal; but in all such cases we fre- 
quently use the contractions, the " parlgm." AA^y or 
the ** diagle." AAi, as occasion requires. The advan- 
tage of this is apparent in the Fifth Chapter. 
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CHAPTER I. 



THE DIRECTIVE. — THEOREMS. 



1. Two Directives can intersect in only one Point. 

For, since the directives have different directions, they must^ 
after meeting at one point, diverge from that point in their two 
different directions, and therefore not meet again. 

This is equivalent to Euclid^s 12th axiom, that '*two right 
lines cannot enclose a space.'* 

2. Hie Opposite Angles of intersection of two Direc^ 
tives are equal* 

Let X and Y be the directives intersecting at the point in 

the angles a, /3, a^^, P^, Then, since their 
directions in their convergence to O is the 
same as after their divergence from O, the 
difference of their directions before and 
after convergence must be the same ; that 
is, the angles a and a^ are equal ; and /3 
and /3^ are equal. 

Or, as proved by Euclid, the sum of the 
angles a and p (P^f,) is two right angles ; 
and the sum of a^ and p is also two right 

angles. Take away p from both sums, and a is equal to a^. In 

like manner, it is proved that p is equal to p^, 

3. All Right Angles are equal. 

If the two directives, X and F, in the last Proposition, so in- 
tersect that the angles a and p be equal, then by Definition 
{Introduction) a and p are both right angles. But (Theor. 2) 
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a and p are equal to a, and 0^ ; and therefore the four angles a^ 
fi, Op /3i, are each a right angle. But each of these angles i& 
the quarter of the angular space round the point of meet- 
ing of the directives ; and, since (Lemma 1) the angular sjpace 
round any point is equal to that round any other point, all right 
angles, the quarters of that space, are equal. 

4. If three Directives meet in a point, and one of tliem 
makes angles on opposite sides with tlie other two, the Sum 
of which is two Right angles, the two Directives coincide. 

Let A', y, and Z be the three directives ; and let Fmake, with X 
and Z, angles a and y, the sum of which is 
two right angles. Then suppose (if 
possible), that X and Z do not coincide. 
Since a and y together are, by supposi- 
tion, two right angles, the sum of the 
opposite angles a, and y^ are (Theor. 2) 
also two right angles. Add to both smns 
respectively the angles /3 and 0^; and 
the sum of the six angles about the 
meeting of the three directives is more 
than four right angles ; which is impossible, since the angular 
8^ce round any point (Theor, 2) is only four right angles. The 
directives X and Z must, therefore, coincide. 

5. Parallel Directives cannot meet. 

For, were they to meet at any point, after meeting they 
should diverge from that point, and have different directions; 
which is impossible, since, by definition, they have the same 
direction. 

6. The Angle between two Directives is equal to the 
angle between any two Directives Perpendicidar to tJiem. 

Let X and F be the two directives, and A^, F^, two others per- 
pendicular to them at their point 
of divergence, 0. Then, since the 
angles AOAj and YOY^ are right 
angles, on taking from both the 
angle YOX^, the remaining angles 
a and a^ are equal, that is, the 
angle between X and Y is equal to 
that between Aj and Yy 

If the two perpendicular direc- <^ 
tives do not meet at 0, but at any 
other point, the result is the same ; for the angle between thenk 
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is the same as that between X and Y^ parallel to them, their 
directions being the same, ana their divergences therefore 
equal. 

7. Only one Parallel to a Directive can be drawn 
through a Point, 

For, if two could be drawn, each would have the same direc- 
tion as that of the directive. But, by supposition, these two 
parallels pass through the point. They must therefore diverge 
from that point, and have different directions; and therefore 
not be both parallels to the directive. 

8. T/ie Angles of intersection of a Transversal with 
two Parallel Directives are eqiial. 

Let Xy X^ be the parallel directives, and Y the transversal 

cutting them at the angles a, a,. Then, 
since A', A\, being parallel, have the 
same direction, and the direction of 
y is the same throughout its exten- 
sion, the divergences of Y from X 
and X^ are the same and equal. But 
these divergences are the angles a 
and Cj, which are therefore equal. 



9. A 2\ansversal cuts two Parallel Directives so tliat 
the Alternate Angles are equals and that the Sum oftJie 
two Internal Angles on either side are equal to two Right 
Angles. 

This follows from the preceding Proposition, Since a^ is 

equal to a, as proved above; and 
(Theor, 2) a is equal to the a verti7 
cally opposite to it; the alternate 
^ angles a^ and a are. equal. 

Also ; since a is equal to a^, and 
the Sum of a and $ is two right 
angles, the Sum of the internal 
angles a^ and fi is also two right 
angles. 
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10. If a Transversal cut two Directives and maJce the 
angles of intersection with them equals the directives are 
Parallel, 

Let X and Y be the two directives, and Z the transversal ; 
and, if possible, suppose that Y is 
not parallel to X Then some other 
line, OXy^ through O, is parallel to 
X. The angle ZOX^ is therefore 
{TJieor, 8) equal to a. But, by sup- 
position, the angle jS, or angle ZOY, 
is equal to a; and therefore 3 and 
ZOX^ are equal, a part equal to the 
whole, which (^Axiom 10) is impos- 
sible, unless the directives -X", and 
F coincide. Therefore X and Fare 
parallel. 

Cor. 1. Hence it is evident that, if the transversal Z were to 
cut X and I' so that the alternate angles were equal, or the 
snm of the two internal angles on either side were equal to 
two right angles, the same conclusion would hold, viz., that 
the directives X and Fare parallel. 

11. Two Perpendiculars cannot he drawn from a Pjoint 
to a Directive. 

For suppose there could ; and that X and F were two direc- 
tives from a point O, both perpendicular 
to the directive Z. Then, since Z 
makes equal angles, each a right angle, 
witli the directives X and F (Theor. 
10) these directives are parallel. But, 
by supposition, X and F meet at 0; 
and therefore diverge from 0; they can- 
not therefore be parallel ; and therefore 
not both be perpendicular to Z, 



12. The Angles of intersection of a Transversal vrith 
two Intersecting Directives are unequal^ the External 
greater than the Internal ; and the sum of the two Internal 
Angles less tlvan two right angles. 
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Let X and Y be the directives, and Z the transversal catting 

them at the external angle ZOX 
and the internal a between Y and 
Z. From the point let Y. be a 
parallel to K Then, since Y and 
Fj are cnt by the transversal Z, the 
angles a and Sj are equal, and there- 
fore the angle ZOX^ which is greater 
than ttj, is greater than the internal 
angle a ; as stated. 
Also, since the angle ZOX is 
Y greater than a, and ZOX with, fi is 
two right angles, the sum of the 
internal angles a and $ is less than two right angles, as stated, 

• 13. ^ a Transversal meet two Directives j and make 

■angles with them, the External greater than the Internal^ 

or the sum of the two Internal Angles less than two rigid 

cnglesj the two directives must meet. 

For, suppose they do not meet. Then, they should be 
parallel ; and the external angle should be equal (Theor, 8 & 9) 
to the internal, and the sum of the two internal angles should be 
€qual to two right angles ; which is contrary to the supposition 
made ; and therefore the directives must meet, as stated. 

Since a triangle is formed of three finite portions of 
directives^ it is evident that the relations of the angles 
of a triangle are those of three intersecting directives. 
Hence follows the statement of the angular properties 
of a triangle. 

14. The Sum ' of the Internal Angles of a Triangle 

is equal to two right angles. 

Let ABC be the triangle, and a, /3, y, the three internal angles ; 

and let Z he & directive through the 
vertex C parallel to AB. Then, since 
Z is parallel to AB, the angle of inter- 
section a J of AC with Z is equal to the 
angle a with AB, Also, the angle of 
intersection $, of BC with Z is equal to 
the angle fi with BA. The angles ver- 
tically opposite 7 and y^ (Theor, 2) ^are 
also equal. Hence the sum of the 
angles a, $ and y is equal to the sum 
of a^, jS. and 7i ; but this latter sum is 
evidently two right angles. Therefore, 
the sum of the three angles is two right angles, as stated. 
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Cor. 1. Hence, the external angle of a triangle is equal to the 
sum of the two internal opposite angles. 

For, the external angle, together with its adjoining internal 
angle, is equal to two right angles. But the three internal angles 
(as now proved) are also equal to two right angles. Take away 
the adjoining internal angle from both sums, and the external 
angle is equal to the sum of the two internal opposite angles. 

Cob. 2. Hence, also, the external angle is greater than either of 
the internal opposite angles ; as has been already (Theor. 12) 
proved. 

Cor. 3. A triangle cannot have more than one obtuse or one 
right angle. 

For, if it had, the two obtuse or two right angles with the 
third angle would together be greater than two right angles, 
which by the above theorem is impossible. 

Cor. 4. If one angle of a triangle is right, the other two are 
acute, and each the complement of the other. 

For, one being right, the other two together are equal to 
one right angle ; and therefore each is the complement of the 
other and acute. 

Cor. 5. If two angles of a triangle are equal, they are each 
an acute angle. . 

For, if they were both obtuse (x riojht angles, the sum of the 
three angles of the triangle would be greater than two right 
angles, which is impossible. 

CoR. 6. If the three angles of a triangle are equal to each other, 
they are each two-thirds of a right angle. 

For, each in that case is the third of two right angles, that is, 
two-thirds of one right angle. 

CoR. 7. If the two base angles of a right-angled triangle are 
equal, they are each equal to half aright angle. 

For, since their sum is one right angle and they are equal, 
each must be half a right angle. 

15. The Sum of the External Angles of a Triangle 
is equal to four right angles^ 
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For, since each external angle with its corresponding internal 

together make two right angles, 
the sum of the six angles, three 
internal and three external, is 
equal to six right angles. But 
(last Theor.) the sum of the three 
internal angles a, iS, 7, is equal 
to two right angles. Take these 
angles away from the six right 
angles, and the sum of- the three 
external angles a^, /3p y^, is equal 
to the remaining four right 
angles. 

10. The Sum of the External Angles of a Polygon is 
equal to four mght angles. 

From a point, 0, anywhere placed within the polygon, draw 

lines 0^1, OB OC^, &c., 
parallel to the sides of the poly- 
gon. Then, since OA^ is parallel 
to EA, and OB^ to AB, the 
angle A^OB^ is (by ParalUlism) 
equal to the angle a. In like 
manner, since OB^ and OC^ are 
parallel respectively to AB 
and BC, the angle B^OC^ is 
equal to the angle p. And so 
on, going round the figure 
until we return to A, it can be 
shown that the angles round 
are equal respectively to the 
external angles a, /0, 7, ^, and e of the polygon. But the angles 
round are four right angles. Therefore the sum of the external 
angles is equal to four right angles. 




17. The Sum of the Infernal Angles of a Polygon is 
equal to the Excess of double as many right angUs as the 
polygon has sides over four right angles. 

As each internal angle with its corresponding external is equal 
to two right angles, the sum of all the internal and all the ex- 
ternal is equal to twice as many right angles as the polygon has 
angles, or sides. If we take from this latter sum the four right 
angles to which the external angles {last I'heor.) are proved 
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equal, the remainder, the sum of the internal angles, is equal to 
double as many right angles as the polygon hae sides less by 
four right angles. 

Cor. 1. In a regular polygon, or in one all the angles of which 
are equal, each external angle is the angle that would be 
obtained by dividing four right angles into as many equal 
parts as the polygon has sides. 

Cor. 2. Each internal angle of a regular polygon is the supple- 
ment of the angle which would be obtained by dividing 
four right angles into as many equal parts as the figure has 
sides. 

Cor. 3. The angle of a regular or equiangular pentagon is the 
fifth part of six right angles ; that of a regular hexagon the 
sixth part of eight ; of a regular heptagon the seventh part 
of ten ; of a regular octagon the eighth part of twelve ; and 
so on for other regular polygons. 
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CHAPTER IL 



THE CIRCLE. — THEOREMS. 

The properties of the directive derived from its 
definition being established^ the next are those of 
the circle. 

Prom definition the circle ought to be uniform in 
shape and curvature. Every point is equidistant 
from the centre ; and the mode of describing any one 
part being the same as that for any other part^ the 
form in every part ought to be the same. Therefore 
any oval forms, or forms semiconvex-semiconcave, are 
really inadmissible, and can in no way represent a 
circle. But, in order to strictness of demonstration, it 
is necessary to establish these presumptions by direct 
reasoning. 

The principle by which this may be done, is that of 
superposition, supposed to take place but not neces- 
sarily actually performed. The principle was adopted 
by Euclid in the fourth proposition of his First fiook 
in the superposition of lines and angles, and in his 
Third Book for segments of circles ; but we apply it 
in the form of a supposed superposition of arcs and 
Imes. 

It he portion of a circle on one side of a diameter 
be supposed turned round that diameter so that it 
may fall on the other side, the two portions must 
throughout cover each other, or coincide. 
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For, suppose MN to be the diameter, and that the 
upper portion turned round 
MN does not cover the lower, 
but becomes the dotted curve. 
Then, since the dotted curve 
MB^N is the same as the curve 
MANy the radius RBi is equal 
to RA. But RB is also equal 
to RA^ both being radii. 
Therefore RB^ is equal to 
JS-B, a part equal to the whole, which {Ax, 10) is im- 
possible. The two portions then must coincide. 

But, as the superposition may be made round 
any diameter, any assigned 
small arc may be made to 
coincide with any number of 
equal small arcs all round the 
circle. For, AB being the 
assigned arc, and A^Bi any 
other equal arc ; then, draw- 
ing a diameter MJS through 
the middle point of the arc 
AA^^ we have the arcs AN and A^N equal. Adding 
to both the equal arcs AB and A^B^y the arcs BJS and 
B^N are equal. Now, on turning the upper semi- 
circle round MN so that it fall on the lower one, the 
two will coincide. But, since arc ^iVis equal to arc 
Ay^Ny the points A, A^y coincide. Also, since arc BN 
is equal to arc B^Ny the points By B^ coincide. But, 
since the two semicircumferences also coincide and 
cover each other, the arcs AB and A^B^ also coincide 
throughout their lenorths. 

The same may be done for any other arc A^iB^ by 
taking the diameter M^N^ so that it bisect the arc 
BB2y and AB may be made to coincide with A^B^ ; 
and so on for any number of arcs. Whence, we con- 
clude that the circle has the same form or curvature 
all round, wholly concave to the centre or wholly 

c 2 
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convex to the centre, but in no case partly concave 

and partly convex. 

But it cannot be wholly 
convex to the centre. Such 
a closed figure cannot be 
imagined without having 
angular breaks (as in the 
Figure), which cannot pos- 
sibly represent a curve of 
the same form throughout. 




These principles being established as to the out- 
line and form of the circle, its distinctive properties 
follow. 



1. Equal Arcs of a Circle subtend Equal Angles at the 
centre ^ and have Equal Cho9*ds. 

In the introduction to this chapter it has been proved that 

the arc AB can be made to coincide 
with the equal arc A,By In the co- 
incidence the radii kA and RB coin- 
cide with RA^ and ii5p The angles, 
therefore, between RA and RB, RA^ 
and RB^ are equal, and therefore the 
arcs subtend equal angles at the cen- 
tre. Also; since the extremities of 
the arcs coincide, the lines AB A^B^^ 
coincide, and are equal, that is, the 
chords of equal arcs of a circle are 
equal. 

Cor. 1. This holds for Equal Circles ; for all equal circles by- 
superposition may be made to coincide and become one 
circle. 

2. The Perpendicidar from the Centre of a Circle on 
a chord bisects the Cliord^ and also bisects the Arc and tlie 
Angle it subtends at tlie centre; and tlie cJiord makes 
Equal Angles with the radii to its extremities. 
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Let AMB be the arc, and AB the chord, and NIIPM the per- 
pendicular from the centre R on AB __ 
produced into a diameter. If we .•^"^ ^*%^A 
suppose the semicircle iV^iiJV/ turned 
round the diameter NM and placed 
below NM, it will then coincide 
with the semi-circle NBM, But in ^\ 
this superposition AP being at 
right angles to i^P will turn round 
NM so as to cover BP ; and the 
point A will coincide with B. 

1. The lines AP and BP are 
therefore equal ; or the chord AB is hisected, 

2. But further, since A coincides with B, the arc AMia equal 
to BM; and therefore, the arc AB is hisected by the perpendicular. 

3. Also, since the arcs AM and BM are equal {Theor. 1), 
the angles at the centre ARM and BRM are equal ; that is, the 
perpendicular on the chord bisects the angle at the centre subtended 
hy the chord. 

4. Since RA and PA in the superposition coincide with RB 
and PB respectively, the angles RAP and RBP are equal ; or 
the chord makes equal angles with the radii through its extremities. 



3. A Directive can cut a Circle in onl^ tivo Points. 

For, let X be the directive cutting the circle OR in A and />, 
and NR a diameter perpendicular to X^ 
or AB. Then, on turning the semicircle ^V 

NAR round NR so that it fall on NBR, if .-'" \ "^^-^-^ 

there were three distinct points in which / I \ 

X could cut the circle, two of them should / j \ 

be on one side, suppose NBR, of the 
circle, and the other point A could not 
on superposition possibly coincide with 
both ; and therefore there are only two 
points of intersection. 

If possibly four points of intersection 
could be supposed, then the circle should 
be partly convex and partly concave, which we have shown to bo 
impossible, as proved above. 







4. A line draim from the Centre of a Circle to iJie 
Bisection of a Chord is perpendicular to the chord. 
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Let AB be the chord, and RM the line from the centre to its 

bisection. Then, if RM be not perpen- 
dicular to ABy some other line RP from 
the centre is perpendicular. But since 
RP is perpendicular to AB (Theor. 2), it 
bisects AB in P. Therefore the line AB 
18 bisected twice, at Jf andat P; which 
is impossible; since then PA should be 
equal to MA^ a part to the whole. {Ax. 
10.) 





5. Ttoo Chords intersectirtg loiiJiin a Circle at a point 
not the centre cannot bisect each otiier. 

For, suppose they could bisect each other, and AB and AiB^ 

were the bisected chords. Then, the 
line from the centre R to their inter- 
section (last Theor.) should be per- 
pendicular to both AJy and -4,5. , which 
is impossible ; since AB ana A^B^ are 
lines having different directions, and 
could not make equal angles, each a 
right angle, with the line RO from the 
centre, for, in that case, a part would 
be equal to the whole. {Ax, 10.) 

6. The Line joining tlie Centres of Two Intersecting 
Circles bisects their common chord j and is perpendicular 
to it; and also bisects the angles subtended at tJie centres 
by the common cliord. 

Let AB be the common chord of intersection of the circles, 

J?, Ry their centres, and O 
the bisection of AB. Sup- 
pose R and R^ joined with 
O. Then, since the chord 
AB of circle R is bisected at 
O, the line RO is (Theor. 4) 
perpendicular to AB. In like 
manner, AB being a chord of 
circle i2., the line ^0 is also 
perpendicular to AB. These 
perpendiculars through O 
make therefore one continuous line passing through the centres 
R,R^. Therefore RR^ bisects the common chord £s. 
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The line RRj^ also bisects the angles ARB and AR^B; fox 
{Theor. 2) the perpendiculars RO and R^O bisect the angles 
ARB, ARB. subtended at the centres R. /?, by the chord 
AB. 

7. Two Circles cannot intersect in fno9^ than Txoo 
Points, 

For, if possible, suppose them to intersect in three points. Then, 
the two circles shoula have three common chords ; and (hy hist 
Theor,) the line joining their centres should be perpendicular to 
each of these common chords ; which is impossible, since the 
three chords form the sides of a triangle, and no one line can be 
perpendicular to all three. 

Were the circles to intersect in four points, the difficulty 
would be increased, as there would then be six common chords, 
the four sides and two diagonals of a quadrilateral; and the 
line joining the centres could much less be perpendicular to all 
six. 

8. From a Pointy not the centre of a circle^ more 
than Two Equal lAnes cannot he drawn to its circum^ 

/erence. 

For, suppose there could, and that were the point, and OA, 
OB, and OC, three equal lines 

to the circle R Then, if, with ^^^- ■ ^i^ 

O as centre and one of the lines 
O^ as radius, a circle be supposed 
described, this circle should cut 
the circle R in three points, 
i4, 5, and C; but (by last Theor,) 
this is impossible. Only two 
equal lines can therefore be 
drawn, as stated. 

The centre is excepted, be- 
<sauBe all lines through it to the circumference are equal, being 
radii. 

9. Tivo Lines drawn from any point on the directive, 
joining the centres of Two Intersecting Circles to the ex-- 

tremities of their Common Chord, are equal^ and make 
^qual angles loith tlie joining directive. 
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Let R and i?j be the two circles intersecting in the common 

chord AB, and the point 
from which the lines OA^ 
OB are drawn to A and B. 
Then, if the lines OA and 
OB are not equal, but OA 
is greatcrthan OB, a circle, 
with O as centre and OA 
as radiiis,mu8t pass through 
some point B^ on AB pro- 
duced; and therefore the 
chord of that circle, AB^j 
is bisected at M{Theor. 2) 
by the perpendicular OM from O its centre. But the common 
chord AB of the circles R and R^ is also bisected by OMR; and 
therefore AM is equal to both -Bil/and /^jA/, anii -fiJi is equal 
to B^M, a part to the whole {Ax, 10). The lines OA and 
0-B are therefore equal ; and, in the circle OAB^ make equal 
angles with the line joining the centres OR^R, 

N,B. — ^This proposition proves that the directive RR^ is the 
locus of the centres of all circles having AB for a common 
chord. 

10. If fr(yin Any Point any number of pairs of Equal 
Lines he drawn to a circle^ tfiese pairs of lines make equal 
angles respectively with the Diametral Line through the 
point on each side of it. 

Let be the point, and (Fig. V) R the circle in the dia- 
gram, to which the pairs of equal 
lines OAy OA^ OB, OB^, &c., are 
drawn, and MORN the diametral 
line. Then, since the pairs of linea 
are equal, circles can be described 
with as centre, and OA, OB, OC^ 
as radii passing through A\, B^, C^y 
and the lines connecting AA^^ 
BB^, CC\, will be the common 
chords of these circles and the 
given circle. But the conmion. 
chord (Theor, 6) of two intersect- 
ing circles subtends at the centre 
Fig. 1. of either circle an angle, which is 

bisected by the line joining their 
centres. Therefore the angles AOA^, BOB^, COC,, &c., are 
bisected by MON, the diametral line ; and the equal lines there- 
fore make equal angles with MON, as stated. 
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When the point is without, or on the circle, the same proof 
holds good ; the position of the point O only changes. But the 
lines remain the same as regards the demonstration, as illustrated 
by Figs. 2 and 3. 





Fig. 2. 



Fig. 



a 



11. Tlie Greater of Two Arcs of a drcle, neither greater 
than a Semicircle^ has the greater chords and subtends the 
greater angle at the centre. 

Let AB and A^B^^ be the arcs, and suppose the arc AC taken 
equal to arc A^^B^. Then, since 
(^Theo7\ 1) the arcs AC and A^B^ 
being equal, have equal chords 
and subtend equal angles at the 
centre, it is sufficient to prove that 
arc AB has a greater chord and 
subtends a greater angle at the 
centre R than the arc AC, Sup- 
pose then, a circle described with 
A as centre and ^C as radius; 
this circle meets the circle R in 
only one other point, C But, the 
arc AB being greater than arc AC, but less than a semi- 
circle, its extremity B lies between C and M, the opposite 
extremity of the diameter ARM; and, therefore, B is outside 
the circle ACC. Its chord AB is therefore greater than chord 
AC; and the angle ARB is greater than angle ARC. The 
greater arc therefore has the greater chord and greater central 
angle, as stated, 

N.B. — The limitation in this proposition, that the arcs should 
be less than a semicircle, depends on the circumstance that» 
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when an arc exceeds a semicircle, thence up to a whole circum- 
ference, the greater arc has the lesser chord. Thus the arc 
ACBMB^C has a chord -4 C less than the chord of ACB. 

The angles at the centre are, however, always greater for the 
greater arc ; but, after the arc exceeds a semicircle, the central 
angle becomes re-entrant, 

N.B, — ^This holds good for chords of equal circles ; for all equal 
circles may by superposition be made to coincide and 
become one circle. 

Hence, by applying the Principle of Double Con- 
version (^Introduction)^ it follows that, since (Theor. 1) 
when two arcs of a circle are equal, their chords and 
angles at the centre are equal; and since, also {as 
Iiere proved), that when one arc (less than a semicircle) 
is greater than another, the greater arc has the greater 
chord, and subtends the greater angle at the centre ; 
so: — 

Conversely i Equal Chords of a circle Imve equal arcs ; 
and tlie Greater Chords greater arcs ; and equal angles at 
tlie centre are subtended by equal arcsy and greater angles 
by greater arcs. 

This conclusion holds good for equal circles. 

12. The Angle subtended at the Centre by an Arc of a 
Circle is dotthle the angle subtended by it at tlie Remaining 
Circumference, 

When the angle at the circumference is acute there are three 
cases. 

1. When one of the legs of the angle 
at the circumference passes through the 
centre. 

2. When the centre lies between the 
legs of the angle. 

3. When the centre lies outside both 
legs. 

Fir&t Case. — Let the arc h^ AB and 
ACB the angle subtended at the cir- 
cumference, and ARC the leg through 
•p. I the centre R. Then, since CB is a 

^^* ' chord, it makes (Theor. 2), equal an- 
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gles RBC, RCB with the radii HE, RC. 
being external, is (Theor, 14, Cor, 1, 
Chap, /.) equal to the sum of the equal 
internal angles, RBC and RCB; or to 
double ACBj as stated. 

Second Case, — ^The centre being within 
the angle ACBy let CRD be the diame- 
ter through C, and RAj RB, the lines 
from the extremities of the arc to the 
centre. Then, as has been proved in 
the first case, the angle ARD is double 
of the angle ACD, and also the angle 
BRD double the angle BCD. There- 
fore the sum of ARD and BRD {Ax. 8) 
is double the sum of ACD and BCD^ 
that is, double ACB, the angle at the 
circumference, as stated. 

Third Case, — The centre being out- 
side the angle ACBy let CRD be the 
diameter through C, as before. Tlien, as 
in the first case, the angle BRD is 
double BCD, and also ARD double 
ACD; therefore the difference of BRD 
&nd ARD is {Ax. 9) double the difference 
of BCD and ACD, that is, double ACB, 
as stated. 



But, the angle ARE 
C 




Fig. 2. 




Fig. 3. 



In the diagrams of the above cases the angle ARB at the 
centre is less than two right angles, 
those at the circumferences being 
acute, and the arc AB less than a 
semicircle. But if, in the second 
Figure, we place AR and BR in 
directum, ARB becomes a diameter, 
and the angle ARB becomes two 
right angles, and therefore the angle 
ACB is one right angle. This is 
further evident from the fourth 
Figure. As proved in the first case ^ 

above, the angle ARD is double ^^S* 4. 

ACD; and also BRD double of BCD. Therefore the sum of 
ARD and BRD is double the sum of ACD and BCD, or double 
ACB. But the sum of ARD and BRD is two right angles. 
Hence : — 

The angle in a semicircle is a right angle. 

If the arc AB become greater than a semicircle, the angle at 
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Fig. 5. 



the centre, 7?, is* the re-entrant angle AJRR, and therefore the 

angle .1 CB standing on AB is ob- 
tuse, as is evident from Figure i5. 
For the angles ARD and BRD {first 
case above) are the doubles respec- 
tively of A CD and BCD. But the 
sum of ARD and BRD is greater 
than two right angles. Therefore 
. I CB is greater than one right angle, 
that is, ACB is obtuse. Hence : — 
The angle in a segment less than a 
semicircle is Obtuse, 

From the first three cases, the 
angles at the centre, being less 
than two right angles, the arc ACB is greater than a semicircle, 
and the angles at the circumference are acute. Hence : — 
The angle in a segment greater than a semicircle is Acute, 

These three theorems may be expressed otherwise : — ^ 

1. An angle standing on a semicircle with its vertex on tlie remain-^ 
ing semicircle is a Right angle, 

2. An angle standing on an arc greater than a semicircle with its 
vertex on the remaining circumference is Obtuse. 

3. An angle standing on an arc less than a semicircle icith its vertex 
on the remaining circumference is Acute. 

13. All angles in the Same Segment of a circle^ or 

standing on the Same Arc of the circle with its vertex on 

the Remaining Circumference^ are equal. 

For all such angles are the halves of the angles at the centre — 
acute, obtuse, two right angles or re-entrant, as has been proved 
in the la^t theorem. 

14. Tlie sum of the Opposite Angles of a Quadrilateral 

inscribed in a circle is two right angles. 

Let ABCD be tlie quadrilateral in the circle R; and suppose 

the centre R joined with A and C 
Then the angle ARC at the centre R 
(Theor. 12) is double of the angle ^ DC 
Likewise the re-entrant angle ARC is 
{same Theor.) double of the angle ABC. 
But ABC and its re-entrant ARC is 
equal to four right angles. Therefore 
the sum of their halves, ADC and 
ABC, is equal to two right angles, 
as stated. 

Cor. 1. It is evident that the angle 

XBCy being the supplement of 
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ABC, is equal to the internal opposite angle ADC of 
the quadrilateral. 



THE TANGENT TO THE CIRCLE. 

It having been proved {Tlieoi*. 2) that the diameter 
of a circle perpendicular to a chord bisects it, it follows 
that, as the chord moves parallel to itself outwards 
towards the extremity of the diameter, the two semi- 
chords tend each to become zero together, while they 
still remain equal. On reaching the extremity both 
semichords vanish, while the moving line remains 
perpendicular. In this position the line becomes a 
tangent, neither cutting the circle nor yet being 
separated from it. Such is the tangent — a line per- 
pendicular to the radius at the point of contact. 

The perpendicularity of the tangent to the diameter 
may also be inferred, from the definition of a circle 
and the mode of describing one. The point of one 
leg of a compasa being at the centre, the motion of 
that of the other must be always perpendicular to the 
line joining the extremities' of the legs, that io, to the 
radius. But the direction of the motion of the generat- 
ing point of any curve is that of the tangent to the 
curve at that point. It therefore follows that the 
tangent to a circle is perpendicular to the radius 
through the point of contact. 

It is also evident that, the circle being a simple 
<5urve, there can be only oTie tangent to it at any point. 

The following demonstration from Euclid, slightly 
altered, also shows that the line perpendicular to the 
diameter is the tangent. 

15. 17ie Line at an Extremity of a Diameter of a 
circle Perpendicular to it falls without the circle^ that is, 
is a tangent to the circle. 
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For suppose it do not fall without the circle, but cuts it. Let 

MN be the line through A cutting- 
the circle in another point, B. Then 
on joining the centre R with A 
and B, the chord AB {Theor, 2> 
makes equal angles, a, i3, with the 
radii RA , RB. But, by supposition, 
a is a right angle. Therefore B is- 
also a right angle ; and the sum of 
the two angles a, $j of the triangle 
ARB, is two right angles, which is^ 
impossible (Theor. 12, Chap, /.). 
Therefore MN does not again cut 
the circle, and is iJie tangent, as stated. 

16. The Angle between a Tangent to a circle and a 

Chord through the point of contact is equal to the angle in 

the alternate segment. 

• 
Let AM be the tangent at il in the circle R^ and AB the 

chord, making any angle, a, with AMy 
and also ^Cthe diameter through A^ 
Then, since CAM is a right angle (last 
Theor.)y the sum of a and 7 is a right 
angle. Also, since the arc ABC is a 
semicircle, the angle ABC {Theor, 12) 
is right ; and the sum of the angles 
and 7 is therefore a right angle. Take 
7 from the two sums, and a is equal to 
C, the angle in the alternate segment 
ABC, as stated. 

17. Two Circles xohich have the Same Centre cannot cut 
or touch each ot/ier. 

For the radii of the circles are either equal or unequal. If 
they be equal, the circles coincide throughout, and are virtually 
one circle. If the radii be unequal, they must lie one within 
the other ; and therefore can neither cut nor touch. 

Coirv'ERSELY. — Two intersecting or touching circles cannot have 
the same centre. For, supposing them to have the same centre, 
their radii are either equal or unequal. If they be equal, they 
coincide and can neither cut nor touch. If they be unequal, 
they lie one within the other, and likewise can neither cut nor 
touch. They, therefore, have not the same centre, as stated. 
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18. The Line joining the centres of two Touchviiff 
Circles passes through a Point of Contact of the circles. 

There are two cases, External contact, and Internal. 

First Case, — External 
contact, LetjRandiZ^bethe 
circles, and ^ a point of 
contact, and MN the tan- 
gent common to the circles 
at A. Then RA (Theor, 
15) is perpendicular to 
MN at A. So, likewise, is 
R^A perpendicular to ilfiV 
at A. The two lines RA 
and R^A (Fig. 1) being 
thus perpendicular to MN 
at the same point. A, are 
171 directum, and form one line RR^. 
Therefore the line RR^, joining the 
centres, passes through that point of 
contact. 

Second Case. — Internal contact. The 
reasoning is the same as above. The 
lines RA and i^^^ (Fig. 2) are both 
perpendicular to MN at A ; and 
therefore form one line RR^, the pro- 
duction, RA, of which passes through 
a point of contact of the circles. 




Fig. 1. 




Fig. 2. 



19. Two Circles can touch in only One Point. 

For, using the above figures, we have the two cases again of 
external and internal contact. 

First Case, — External, If there be a second contact, the line 
RR^ should pass also through it {by last 7'heor,), But that can 
only take place at the extremities of the diameters on ppposite 
sides of MN, But this, in external contact, is impossible ; for 
these extremities are on the opposite productions of the finite 
line RR^^ and the circles cannot possibly touch or meet at these 
extremities. 

Second Case. — Internal, Here, as in the first case, the second 
contact can only take place at the extremities of the diameters 
to left of A. But in that case (Fig. 2) the diameter of the 
internal circle^ should be equal to that of the external ; and the 
two circles should have equal radii and coincide, not touch. 
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20. Tlie Two Tangents from a Point to a Circle are 
eqnaly and make equal angles with tlie Diametral Line 
joining the point with the centre of the circle. 

Let the circle 7^ be that to which the two tangents OA^ ODy 

are supposed drawn from the 
point 0. Then, since RAO and 
HBO (Theor. 15) are right angles, 
the points .1 and B are on a 
circle {Theor, 12) having OR for 
diameter, the bisection R^ of OR 
for centre, and AB a chord com- 
mon to it and the circle R, But 
(Theor. 9) the Hnes OA, OB, 
drawn from a point anywhere 
on a directive RR^^ joining the 
centres of two intersecting circles, 
R, 72^, to the extremities of their common chord, are equal and 
make equal angles with that directive. Therefore the tangents 
OA, OB are equal; and the angles AOR and BOR are also 
equal, as stated. 

Cor. — The chord AB is evidently also bisected by OJR, and is 
perpendicular to OR. 




THB CIRCLE. — PROBLEMS. 33 



PROBLEMS.* 

The geometric constructions by which problems are 
solved rest ultimately on three simple operations, 
which are taken for granted as elementary. Hence 
the statements of the legitimacy of these operations 
are called ^^postulates'' — a term which means that 
the geometrician postulates^ or asks that these ele- 
mentary constructions be allowed him. The pos- 
tulates amount to a permission to use the Ruler for 
the purpose of connecting two points or extending a 
finite line, and the Compass for describing a circle 
with any given line as radius and one of its extremities 
as centre. They are generally given with the Defini- 
tions and Axioms ; but their proper place is in this 
chapter at the head of the first group of problems. 



POSTULATES. 

1. A Right Line may be drawn connecting any two 

points. 

2. A Finite Right Line may be produced through 

either of its extremities. 

3. A Circle may be described with any point as centre, 

and any line for radius of which that point is one 
extremity. 



1. On a given Jinite line AB to construct an equilateral triangle. 

With A as centre and AB as radius describe a circle. With 
B as centre and with the same radius also describe a circle. 



* See Appendix, Note 2. 
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These circles must meet, since the centre of each is within 

the other. Let C be one of 
-«^ their points of meeting ; join C 

>\ with the points Aj B. The 
\^ triangle ACB is the required 
\^ equilateral triangle. 
» For, since ilCand BC, being 
radii of their respective circles, 
\ \ / .' are each equal to the common 

/ radius' -4 B, they are (^Ax, 1) 
^^^ equal to each other. There- 

fore the three sides of the 
triangle are equal, that is, the triangle is equilateral. 



\ 



\ 








2. From a given point to draw a line equal to a given finite right 
line PQ. 

First Case, — Let the point O be on the line PQ or its produc- 
tion. Then on OP construct 
(J^roh. 1) an equilateral triangle 
ORP, Next, with P as centre 
and PQ as radius, describe a 
circle cutting RP produced in 
L, Again, with R as centre and 
RL as radius,* describe another 
circle cutting RO produced in 
M. Then OM is the required 
line. 
For, in the circle described with R as centre and RL as radius, 
the lines RL and RM are equal, being radii. From these equals 
take away respectively the equal sides RP and RO oi the equi- 
lateral OPR^ and the remainders {Ax. 3) OM wid PL are equal. 
But PL is equal to PQ» both being radii of the circle described 
with P as centre. Therefore OM is equal to PQ, and is the 
required line. 

Second Case. — If the point be not on PQ or its production, 

then join with either extremity Q of 
PQ; and with Q as centre and PQ as 
radius describe a circle cutting OQ in Pj. 
Then the problem is reduced to the first 
case, O being on the continuation of P^Qy 
and PjQ being equal to PQ. If, therefore, 
a line be drawn {First Case) through O 
equal to PjQ, it will be equal to PQ. 




THE CIRCLE. — PROBLBMS. 



35 



3. From the greater of two unequal, lines PQ, PiQn to aU off a 
part equal to the less. 

Draw a line PL (Proh. 2) from the extremity P of the greater 

line PQ equal to the lees P^Qy and /> ^ 

with P as centre, and this line as ' \ ' 

radius, describe a circle cutting PQ P^ 

in Qj, The portion PQ^ is evidently \ 

the required segment. \ / 

\/ 



IQ^ 



I 



4. To draw a line of a given magnitude PQ from a point O to a 
directive X, 

From the point O draw (Proh. 2) a line OR equal to PQ. 
With as centre and OR as 
radius, describe a circle cutting 
the directive X in A and B, 
Either of the two lines, OA, 
OB^ from to the two points 
of intersection is the required 
line equal to PQ, This is evi- 
dent from the construction. 

If PQ be less than the perpen- 
dicular from on the directive, 
the problem is impossible. 




,<? 



V / 



6. To bisect the angle between two directives , X, i. 

Let be the point of divergence of the directives. With O as 
centre and any distance 
OA on y, let a circle be 
described cutting X in B, 
Join AB, and construct on 
it an equilateral triangle 
AQB, Join Q with 0, 
The line QO bisects the 
angle XOY, 

For, Q, being the vertex 
of an equilateral triangle 
AQB, is also the centre of 
a circle passing through 

tbe points A, B, and having a common chord AB with the circle 
AOB, The line QO joining their centres (Theor, 6) therefore 
bisects the angle XOY^ as required, 

D 2 
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6. To bisect a given line AB, 

On both sides of AB constnict equilateral triangles ACB, 

ACjB. Join their vertices CC^. The join- 
ing line bisects AB at M, 

For, since C and C7^ are the vertices of two 
equilateral triangles on ABj they are the 
centres of two circles which intersect in the 
points A, B, and have AB for a common 
chord. But (Theor. 6) the line CCj- joining 
the centres of two intersecting circles bisects 
that chord. Therefore the line AB is bisected 
at M, 08 required. 



7. To erect a perpendicular to a directive X at any point O on it. 

Take on X any two equal distances OA, OB, from on 

opposite sides of 0; and on AB^ 
on its two opposite sides, construct 
two equilateral triangles, ACB and 
ACJB, Join their vertices C, C,. 
The joining line CC^ passes througn 
O, and is perpendicular to AB or to 
the directive X, 

For, as proved in the last pro- 
blem, the Ime CC^ bisects ABy and 
therefore must pass through O, OA 
being by construction equal to OB, 
But CC\, being also the Une join- 
ing the centres of two circles of 
which AB is a common chord, is 
(Theor, 6) perpendicular to that 
chord, and CC^ is therefore the perpendicular required, 

8. From a point to draw a perpendicular to a given directive. 

From as centre and any distance OR terminating on the 

opposite side of the directive, de- 
scribe a circle cutting the directive 
in the points A and B, Bisect 
(Proh. 6) the line AB at Af, and 
join with M, The line OM is 
the perpendicular required. 

For, since AB is a chord of the 
circle ARB^ and the line OM is 
drawn from the centre to its 
bisection Jf, OM is {Theor, 4) 
perpendicular to AB, and therefore to the directive X^ as required. 
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9. To draw through a given point on a given directive X a line 

making with it an angle eqtuU to a given angle a. 

Let the angle a be acute ; for, if obtuse, the supplementary 
acute angle may be substituted and 
the obtuse angle thereby determined. 

On one of the legs of the angle a 
take any distance AC, With C as 
centre and CA as radius, describe a 
circle which, a being acute, must cut 
AB in another point B, On the 
directive X take OQ equal to AB, 
and with and Q as centres de- 
scribe two circles with radii OP and 
QP, equal to ^C and BC, inter- 
secting at P, Join P with and 
Q. The line OP makes the required 
angle a with X, 

For, describing with P as centre, and either of the equ^ lines 
PO or PQ as radius, an arc of fk circle passing through O and Q, 
the two circles, with C and P as centres, and CA and PO as 
radii, by construction, have their radii equal, and the chords 
AB and OQ also equaL The arcs on these chords are therefore 
equal (Tkeor. 11, converse), and the angles ACB and OPQ equal ; 
and consequently the angles the chor£ make with the radii CA 
and PO {Theor. 2) are equal, that is, the angle POQ is equal to a, 
as required, 

10. To draw through a given point a parallel to a given direc- 
tive X, 

Through the point draw any directive Y cutting X at any 
point Q at an angle a. Draw 

then, by the last problem, through ^ y 

a directive Zj, making with y ^'^^ 

an angle «, equal to the angle ^ 

a between X and F at Q. Then 
XAa the required parallel. 

i*or since, by construction, 
a, is made equal to a, the direc- 
tives X^ and X are parallel 
(Theor, 10, Chap. /.), as re- 
quired, , 



'/ 



^ 



11. To find the centre of a given circle B^ 
Draw any two chords, AB, A^B^, of the given circle. Bisect 
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these chords (Proh, 6) at M and M^. At M and M^ then 

erect perpendiculars (Pfob, 7) to these 
chords. The point R where these per- 
pendiculars meet is the required centre. 
For since AB is bisected at M, and 
i23f is perpendicular to it (TheorA)^ the 
centre is somewhere on the directive 
RM, Also* since A^B, is bisected at 
M^ and RM^ is perpendicular to it, the 
centre must also be on RMy The centre 
is therefore on both RM and RM^ ; and, 
being on both, it can be only at their 
intersection R. 

Cor. 1. — ^When only a portion of a circle, or an arc, is given, the 
centre is found by the same construction, the chords AB 
and A^B^ being taken within the limits of the arc ; or by 
joining any point on the arc with its two extremities. 

12. To bisect an arc AB. 

Join the extremities of the arc by its chord AB. Bisect this 

chord at M, and erect at 3f a per- 
pendicular MR to the chord. This 
perpendicular produced to meet the 
arc bisects it at O. 

For the perpendicular OMR to a 
chord AB at its bisection passes 
through the centre R of the circle. 
And {Theor. 2) this perpendicular 
also bisects the arc, as required. 

13. At a point T on the circumference of a circle R to draw a 
tangent to the circle. 



Join the centre R with the point T\ 
and at T erect {Proh. 7) a perpendicular 
MN to the radius RT. The perpendicular 
thus erected is the tangent at T. 

For the taugent at any point of a 
circle is [Theor. 15) perpendicular to the 
radius at that point. 



14. From a point outside a given circle R to draw tangents 
to it. 
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Join the centre R of the circle with 0, Bisect RO at 3/, and, 
with M as centre and MR as 
radius, describe a circle cut- 
ting the circle i? in T and Ty 
Then join OTand or,. These 
lines 02\ OT^ are the tan- 
gents. 

For, since RO is the dia- 
meter of the circle described 
with radius MR^ and that 
circle passes through i2, the 
angles RTO and RTX>, being 
angles in semicircles, are 
(Theor. 12) each a right angle. Therefore the radii 727' and RT^ 
are at right angles to OT and OT^ respectively. Consequently" 
02' and OT^ are (Theor, 15) the tangents from O, as required, 

15. On a given line AB to describe a segment of a circle which 
shall contain an angle a of given magnitude. 

At the extremity B of AB draw a directive -Y (Prob, 9), 
making, with AB, an angle a equal to 
the given magnitude. Erect then a 
perpendicular BC at B to X, and also 
a perpendicular ^ C at ii to AB, both 
meeting at C Bisect BC at R ; and, 
with R as centre and RB as radius, 
describe a circle. This circle will pass 
through A and C, and the segment 
^CB will contain an angle a, equal to a. 

For, first, the angle BAV is by con- 
struction a right angle, and must(T^for. 
12) have its vertex A on the semicircle 
CAB; secondly, the angle a^ in the 
segment ACB is {Theor, 16) eaual to 
that between X and AB, or to tne given angle a, as required, 

16. To cut off from a given circle R a segment which shall contain 
an angle a of a given magnitude. 

Draw MN, a tangent to the circle 
R at any point T; and then draw 
TA {Prob. 9), making, with the tan- 
gent MN at T, an angle equal to the 
given magnitude o. The segment ACT 
contains an angle a^ of the given mag- 
nitude. 

For, since MN is a tangent and TA 
a chord, the angle a is (Theor, 1 6) equal 
to a^ in the alternate segment ACT; 
and the segment is cut off, as required, ^ 
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CHAPTER III. 



THE TRIANGLE AND PARALLELOGRAM. — THEOREMS. 

The principles established in the two preceding 
Chapters may now be applied to triangles and paral- 
lelograms. 

1. The Angles at tlie base of an Isosceles Triangle 
opposite the Equal Sides are equal. 

Let AB be the base, and AC, BC, 
the equal sides of the isosceles tri- 
angle ACB ; and let also the dotted 
curye AB be the arc of a circle 
through A and B^ haying C for 
centre and CA or CB for raoUus. 

Then, since the line AB is a chord 
of the circle, it makes (Theor. 2, 
Chap II.) equal angles with the radii 
CA and CB, through its extremities. 
The base angles a and iS are therefore equal, 08 stated, 

2. The Perpendicular from t/ie Vertex of an Isosceles 
Triangle on tlie Ba^e bisects the base^ and also the vertical 
angle. 

Using the same figure as before, let CM be the perpendieular 
from C on AB, Then {Theor^ 2, Chap, II.) this perpendicular 
from the centre C of the circle AB on the chord AB bisects the 
angle ACB subtended by the chord, and bisects also the chord, 
that- is, the perpendicular bisects both the base and the vertical 
angle of the isosceles triangle, as stated. 
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CoNVERSELTj it follows that : — 

l« The bisector of the vertical angle of an isosceles triangle bisects the 
base, and is perpendicular to it, 

2. The bisector of the base of an isosceles triangle is perpendicular to 
the basCy and also bisects the vertical angle. 

These are evident ; for there can be only one bisector of the 
base, only one bisector of the vertical angle, and only one per- 
pendicular on the base in any triangle. But in an isosceles 
triangle all these three coincide, as has been proved above. 



S, If the Perpendicular from the Vertex of ant/ Triangle 
Ofi its Base bisects tlie hasej tlie triangle is isosceles. 



A^tS 




Let ACB be the triangle, and CP the perpendicular from the 
vertex C on AB. Then, if ACB be not 
isosceles, let CB be the greater side, 
and, with Cas centre and CA as radius, 
let a circle be described catting AB in 
A^. Then the triangle A CA^ is isosceles, 
and its base AA^^ (Iheor. 2) is bisected 
at P. But, by supposition, AB is also 
bisected at P, and therefore both BP 
and A^P are equal to AP, They are 
therefore equal to each other, which is 
impossible {Ax. 10). The triangle 
AuB is therefore isosceles. 

CoKVERSELT, it f ollows that : — 

1. AU triangles on a base AB with their vertices on a perpendicular 
PCX at its bisection are isosceles, 

2. Alsoj if a triangle stands on the same base with an isosceles tri- 
angle, and has its vertex on the bisector of the vertical angle of the 
isosceles triangle, both triangles are isosceles. 

For the bisector of the vertical angle of the given isosceles 
triangle is also the perpendicular on the base and the bisector of 
the base. 



4. If Two Isosceles Triangles stand on the Same Ba^e^ 
tlie Line Joining t/ieir Vertices bisects the common base^ 
and is perpendicular to it ; and also bisects both vertical 
angles. 
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Let AB be the common base, and ACB, AC^B the two isos- 
celes triangles. Then, supposing circles 
described through A^ having C and C^ 
for centres, and CA and C^ for radii, 
these circles pass also through B^ and 
AB is a common chord of them ; but 
{Theor. 6, Chap. UJ) the line CC^, join- 
ing the centres of two intersecting 
circles, bisects the common chord AB, 
and bisects also the angles C, C, at 
the centres subtended by this chord. 
The line CC^, therefore, joifting the 
vertices of the two triangles, bisects 
their common base and is perpendicular 
to it, and also bisects the two vertical 
angles, as stated. 

Cor. 1. Hence, if any number of isosceles triangles stand on the 

same base AB, their vertices C, C,, Cj, 
&c., are on a directive MC perpendicular 
to the base at its bisection M, as in the 
Figure. 
Cor. 2. Hence, also, the line CM bisects all 
the angles C, C^, C^, &c., and the angles 
also of any other isosceles triangles con- 
structed either above or below AB. 

5. If Two Triangles stand on a Common Base^ and the 
Line Joining their Vertices bisects both vertical angles, tlie 
triangles are isosceles. 

Let -45 be the common base, and ACB, AC^B the two tri- 
angles, and CC, the line bisecting 
both vertical angles Cand C^ Then, 
if possible, suppose the triangle ACB 
not to be isosceles, and AC greater 
than BC, Take on CB produced a 
point Z>, such that CD be equal to 
CA. Then the triangle ACD is 
isosceles ; and, since its vertical angle 
ACD is bisected, the line CC^ is 
{Theor. 2, converse) perpendicular to 
AD. But the triangle AC J) is also 
isosceles {Theor. 3, converse), being 
on the base AD, and having its ver- 
tex on the perpendicular CC^ to AD. 
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Therefore its vertical angle AC J) is bisected by CC^ ; and the 
angle DC^C is equal to AC^C, But, by supposition, the angle 
BC^C is equal to AC^C ; therefore BC C should be equal to 
DC^C, a part equal to the whole (Ax. 10). The two triangles 
therefore are isosceles, as stated, 

6. If J in any triangle j One Side be Greater than 
another J the Angle Opposite the Greater Side is greater 
titan the angle opposite the less side. 

Let ABC be the triangle, the side AC greater than BC ; and 
let BX! be equal to BC, Then the 
triangle ^^,C is isosceles. ^MtBB^C ^C 

beinjv isosceles, the angles BB,C and 
B^BC (Theor, 1) are equal But the 
angle ABC is greater than B^Cj and 
therefore greater than BB^C, which 
is equal to B^BC, And also the angle 
BB^C is {Theor. 12, Chap, I^ greater 
than the internal angle i5j-4^. There- ^ 
fore the angle ABC, which is greater 
than BBjC, is greater than the angle BAC, as stated. 

It thus having been proved {TJieor, I) that, when 
the. sides of a triangle are equal, the opposite angles 
are equal; and {Theor. 6) that, when the sides are 
unequal, the greater angle is opposite the greater 
side, it follows, by the principle of Double Conversion 
{Introduction) that : — 

1, When Two Angles of a Triangle areEqualj the sides 
opposite tliese angles are equal, 

2, When One Angle of a Triangle is Greater than 
Another^ the side opposite tlie greater angle is greater 
than the side opposite the less. 

Cob. 1. Hence, in a right angled triangle, the hypothenuse which 
is opposite the greatest angle is greater than either of the 
other sides. 

CoR. 2. Hence, also, the shortest line which can be drawn from 
a point to a directive is the perpendicular from the point on 
the directive; for any other line is the hypothenuse of a 
right angled triangle, of which the perpendicular is a side. 
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7. The Sum of Two Sides of a Triangle is greater than 
the third sidey and their Difference less. 

First Fart. — ^Let ACB be the triangle, and on AC produced 

let CD be equal to CB, Then, since CD and 
CB are equal, the angles CDB and CBD 
(Theor, 1) are equal But the angle ABD is 
greater than CBD by construction, and there- 
fore greater than CDB, Therefore ^Theor. 
6), in the triangle ABD, AD^ opposite the 
greater angle ABD, is greater than AB 
opposite the less angle ADB, But AD is the 
sum of the sides, which therefore is greater 
than ABy the base, as stated. 

Second Part. — In the same figure let CB 
be produced to D^, so that CD^ be equal to 
the greater side AC, Then BD^ is the difference of the sides 
AC and BC. But the triangle AD^C, being isosceles, the angle 
ADyC is equial to D,AC, and is therefore greater than the angle 
BAVy Therefore tne side BD^, the difference, opposite the less 
angle BAD^, is less than the base AB opposite the greater angle 
AD^B, Hence, the difference of the sides is less than the base. 
Ai^OTHEK PROOF OF THE SECOND Fart. — Since in the First Part 
the sum of two sides is greater than the third, if we take one of 
the two sides in the stun from both magnitudes, the one side 
remaining from the sum is greater than the difference of the 
third side and that taken from it. 




TWO TRIANGLES. 



In order that two triangles should be equals three 
conditions are invariably necessary ; but these must be 
independent conditions, that is, no one of the given 
conditions can be a consequence of the other two. 
Thus, to be given the three angles of two triangles 
equal, is not to be given three independent conditions ; 
for, when two of them are known, the third is neces- ' 
sarily known from the sum of the three angles of a 
triangle being equal to two right angles. 

The cases in which two triangles are invariably 
equal are : — 

1st. When two triangles have their three pairs of. 
sides equal respectively. 
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2nd. When two triangles have two pairs of sides 
equal, and the angles contained by them equal. 

3rd. When two triangles have one pair of sides 
equals and any two pairs of angles respectively equal, 
which comes to the three angles being equal. 

4th. When two triangles have two pairs of sides 
equal, and the angles opposite one pair of sides also 
equal, and the angles opposite the other pair of equal 
sides are either both acute or both obtuse. 

It should be observed that, in the third case, two 
pairs of angles being, by supposition, equal, all three 
pairs of angles must be equal; and therefore the third 
case can be proved always as that of one pair of equal 
sides, and two pairs of angles adjacent to these sides 
also equal. 

The fourth case has a condition annexed ; that the 
angles opposite the remaining pai]r of sides should be 
both obtuse or both acute. On this account it is 
known as the ^* Ambiguous Case," there being, when 
the angles opposite the remaining pair of sides are 
both acute or both obtuse, an equality of the triangles; 
but when they are one acute and the other obtuse, an 
inequality. 

8. If Two Triangles have their Three pairs <f 
Sides respectively Eqaaly the angles opposite me equal 
sides are equal. 

Let ABC and A^B^C^he the two triangles, plaeed so that 
a pair of sides, AB, ^i^v ^^7 coincide 
and the triangles be on opposite sides 
of AB. Then, since AC is equal to 
-4,Cj, the triangle CAC^ is isosceles. 
Also, since BC is equal to B^C^he tri- 
angle CBC is isosceles. But {Theor. 4) 
the line AB, joining the vertices of these 
two isosceles triangles, bisects their vertical 
angles CAC and CBC^, Therefore, the 
angles A ana A^ are equal, and B and B^ 
also equal. But these are two pairs of the 
angles of the triangles ; and the third pair are necessarily equal, 
(u stated. 
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9. If Two Triangles have Two pairs of Sides in each 
respectively Equals and ike Angles Contained hy these 
sides also equals the remaining sides and angles are eqtuiL 

Let ABC and A^B^^C^ be the two triangles, placed so that one 

pair of equal sides, A C and A^C^, may coin- 
cide. Then, since BC is equal to B^C^^ 
the triangle BCB, is isosceles ; and, the 
angle C being equal to C, , the line .4 C is 
the bisector of the vertical angle BOB of 
the isosceles triangle BCB.. Thereiore 
(Theor, 3, converse) the triangle BAB^ 
with its vertex on this bisector, and BB^ 
for base, is isosceles ; and the angle A is 
equal to angle A^, and the sides AB 
and A^B^ are equal, as stated. 

10. i/^ Two Triangles have One pair of Sides Equal, and 
the Two Angles Adjacent to the equal sides also respectively 
equal y tlie remaining sides and angles are equal, 

Xiet ABC and A^B^C^ be the two triangles so placed that the 

equal sides AB and A^B^ may coincide, 

and il, A,*'^*^ ^» -^1 ^® *^® pairs of equal 
angles. Then, since CAC^ and CBC^ are 
two triangles on opposite sides of a 
common base CC^^ and the line AB join- 
ing their vertices divides the angles 
CAC^ and CBC^ into the equal angles A, 
A^ and B, jB,, the two triangles CAC, 
and CBC^ {Theor. 5) are isosceles. Ana 
therefore the sides AC and A^C^ are 
equal ; and BC and B^C^ are also equal. 
The angles C and Cj are necessarily equal, 
since the angles A and B are equal to A^ and B^, 

11. If Two Triangles have Two pairs of Sides Equal^ 
and the Angles opposite One pair of Sides also equal j and 
the angles opposite the otlier pair of equal sides either 
both Acute or both Obtuse ^ the remaining sides, and angles 
are equal. 

Let ABC and Afi.C^ be the two trianglea in which AC and 
AB are equal to A^(j^ and A^B^, and the equal angles C and Cj 
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are opposite to AB and A^B^, Then, suppose, if possible, that 
the angle A is greater than A^ ; 
and let ^Z> be a line making, 
with ^C,an angle, C4i>, equal 
to A^. Then; since in the x \o 

triangles CAD and C^A^B^ the 
angles Cand CAD&re equal to 
Cj and A^, and the sides A C and 

A C^ are equal (Theor, 10), the ^ ^ '^' ^, 

side AD is equal to A^B^, and the angle ADC to B^. Also, since 
^Z> is equal to A^B^, it is equal to AB ; and AD BJi^ AB are the 
equal sides ofan isosceles triangle ilZ)5. The angles ADB and 
^^Z> are therefore equal, and both acute. Therefore the angle 
ADC is obtuse, and consequently B^^ is obtuse ; which is im- 
possible, since B is acute, and the theorem requires that B and 
B^ be either both acute or both obtuse. The remaining sides 
and angles of the triangles are therefore equal, as stated, 

12. If Two Triajigles have Two pairs of Sides re- 
spectively Equal ; and if the Angle Contained hy one 
pair of sides in one triangle be Greater than the angle 
C07itained by the other pair of sidss in the other, then 
the side opposite the greater angle is greater than the 
side opposite the less. 

Let ABC and A^B^C^ be the two triangles ; the sides ^C and 
BC respectively equal to ^^ Cj 
and jBjC' , but the angle ACB 
greater than the angle A ^ C^B^ . 
Let, also, CD be a line equal 
to CB or C^B^, making with 
^4 Can angle equal to A^C^B^^. 
Then, since in the two tri- 
angles -4 CD and AjBjCj the 
sides AC and CD are re- 
spectively equal to A^^C^ and A^i> ^^^ *^® angle ACD equal to 
A^C^B^, the third pair of sides, .4Z> and ^^i? are (Tkeor. 9) 
equal. But in the triangle ADB, the angle ADh is greater than 
CDB ; also the angle CDB is equal to angle CBD, and is 
greater than angle ABD, Therefore, the angle ADB i& much 
greater than angle ABD ; and (Theor, 6, Converse) the side AB 
is greater than the side ADy that is, greater than tne side ^,B,, 
08 stated* 




Hence by the principle of Double Conversion 
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(Tntroduction) it may be inferred that, since, when 
two triangles have two pairs of sides and the angles 
between them equal, the third pair of sides are equal, 
and when two triangles have two pairs of sides equal 
and the angle between the sides in one triangle 
greater than the angle between the sides in the other, 
the side opposite the greater angle is greater than the 
side opposite the less, so — 

When Two Triangles have Tido pairs of Sides respec^ 
lively Equalt and the Third Side in one is Greater than 
the third side in the other, the Angle Opposite the 
greater side is greater than the angle opposite the less. 

The next subject is that of the Parallelogram, 
which is a case of two equal triangles reversed on 
opposite sides of a common base, termed ^' the 
Diagonal." Its peculiar properties depend on the 
theorems established as to two triangles. 



PARALLELOGRAMS. 



13. Lines which Join the extremities of Tido Equal 
and Parallel lines are themselves equal and parallel* 

Let ABj A^B^ be the equal and parallel lines, and let their 
- extremities be joined by the lines. 

^t^ -j' ^^i and ^iB ; and suppose AA^^ 

"^ ' joined. Then in the two triangles 

AA^B and AAj^B^^ the two sides 
AB and A B. are by supposition 
equal, and the side AA^ is com- 
mon. Also, since AB is parallel 
to -4j5j, the angles a and a^ are 
equal. The two triangles therefore, AA.B and AA^B^ (Theor. 
9), are equal ; and the sides AB^ and A^B are equal ; and also 
the alternate angles fi and /B, are equal, that iis, AB^ and A^B are 
equal and parallel, as stated. 
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14. The Opposite Sides of a Parallelogram are Equal 
to each other, also the Opposite Angles. 

Let ABA^B^ be the parallelogram, and A A. one of its dia- 
gonals, llien, since AB and A^^ are parallel [Def, of PrlgmX 
&e angles a and a^ are equal. Also, since AB^ and BA^^ 
are parallel, the angles fi and 
iBj are equal. Therefore in the 
two triangles, ABA^^ and AB^A^, 
the side AA^ is common and 
the angles adjacent to AA^^ 
equal respectively. Therefore, 
the two triangles ABA^ and jgf 
A^B^A are {Theor, 10) equal ; 
and the side AB equal to A^Bi^ and side AB^ equal to A^B. 
The opposite angles 7, 7^ are also equal, and the angles at A 
andil^, composed of o, jS^, and a^, jS, are equal. 

15. The Diagonals of a Parallelogram Bisect each 
other. 

Let ABA^B^ Tie the parallelogram, and AA^^ BB^ the 
diagonals meeting at O. Then, 
in the two ti^angles AOB and 
AjPB^ , the sides AB and A^B^ are 
(Theor. 14) equal, and the angles 
a and ^9 are equal respectively 
to the angles a, and jS^. There- 
fore {Theor, 16), the remaining 
sides are equal, AO to il^O and 
BO to B^Oy' that is, the diagonals are bisected, as stated. 

16. Converse. — If the Diagonals of a Quadrila- 
teral Bisect each other^ the quadrilateral is a parallelo- 
gram. 

Let ABCD be the quadrilateral, and AC^ BD the diagonals 
bisecting each other at 0, Then, since 
.40 is equal to CO and BO to DO, in the ^ ^ 

two triangles AOD and BOC^ the sides 
AO and j90 are equal respectively to CO 
and BO, and the contained angles AOD 
and CO^ also equal. The other sides and 
angles are (Theor. 9) therefore equal ; BC 
equal to AD and the angle OCB equal to 
the angle OAD, The sides AD and -SC 
are therefore equal and parallel, and the other sides AB and CD 
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are (Theor, 13) also equal and parallel, and the quadrilateral 
is therefore a parallelogram, as stated, 

17. If the Opposite Sides of a Quadrilateral be Equals 
it is a parallelogram. 

Let ABA^By^ be the quadrilateraL Then, since AB\b equal to 

ilj^i, and AB^ to A^B and AA.k com- 
^* mon side in the two triangles ABA^ and 
A.B^A, the angles of these triangles 
(Theor. 8) are equal; the angle BAA. 
equal to B^A^A^ which makes AB parallel 
to AjB^ ; and the angle AA^B equal to 
A,AB^y which makes AB^ parallel to AJB. 

_ ^ Tne quadrilateral is therefore a parallelo- 

^ -A gram; as stated. 

18. TTie Diagonals of a Rectangle are Equal. 

Let the rectangle be ABA^B^^ and the diagonals AA^ and 

BB^ Then, in the two triangles 
ABn^ and ABA^^ the side AB is 
common, and the sides AB^ and A^B 
are equal ; and the angles contained 
by these sides are equal, being right 
angles. Therefore the third pair of 
sides (Theor, 9), AA^ and BB^^ are 
equal ; that is, the diagonals are 
equal, as stated. 

Cor. — ^As squares are rectangles, it follows that their diagonals 
are equal. 

19. The Diagonals of a Square make each Half a 
Right Angle with the sides of the square. 

Let ABA^B^ be the square, and AA. one of its diagonals. 

Then, in the triangle ABA^,, since the two 
sides AB and A^B are equal, the triangle 
ABA^ is isosceles. But the angle at B is a 
right angle. Therefore (Theor. 14, C(yr. 7, 
(Jhap. I.) each of the base angles a, jS, is half 
a right angle. In like manner, in the tri- 
angle AB^A^^ the angles jS^ and a^ are each 
half a right angle ; and the four angles 
a, iS, a^, i9^, are each half a right angle, 
as stated. 
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20. The RectangUt about the Diagonals of a Square 
tut Squares; arid Ihs ComplementaTy Rectangles have equal 

tides, equal to the sides of the squares. 

Let ABA,B^ be the aqnare, and 00„ QQ^ lines drawn 
through s point D on the diagonal AAj 
parallel to uie sidea AB^ and AB of the 
■qoare. Then (Thear. 19) the angles 
BAAi and B.A^A are each hftlf « liefat 
angle, and also angles B.AA^ and BA A 
each half a right angle. Moreover, angles 
QDA and ODA are ( Theor. 10, Cor. 1 . Chap. 
1.) equal reBpeotirely to OAD and QAD, 
and therefore each half a right angle. ^ ^ 

Therefore the sides QD and QA are equal, 
also OD and OA. Also QD (Theor. 14) is eqiud to OA, and OD 
to QA. The four sides of the figure AODQ are therefore all equal, 
and its angles all right angles ; and the figure is a sijnare. 
Similarly, it is proved that the foor sides of A^O,DQ, are equal 
and the figure a square. 

Also, m the rectangles £D and fi,A the "<ie» OB and Q,B 
are equal to the mdes i>Q, and DO of the squares A,D and AD, 
and the sides B,Q and 0,£, equal to the aides DO, and i>Q of the 
ssme squares. The complementary rectsnglcB are therefore 
equal to two rectangles under the sides of the squares. 

Cor — Hence, it is evident that the four aidea of the aqnare AA, 
are cut all round into pairs of segments, those of each pair 
equal respectively to AO and BO. 

The principle may be extended thus : — 

21. A Square being Divided'info tmy number of Rect- 
angles about the Diagonal and pairs of Complementary 
Rectangles, the rectangles about the diagonals are squares, 
and ths pairs of complementary rectangles have their sides 
equal to corresponding pairs of sides of the squares. 

Let ABAjBj be tiie square, and suppose it divided by parallels 
through points along the diagonal AA, into rectangles (shaded 
itt-the Figure) about the diagonal and their pairs of complemen- 
tary rectangles, marked 1, 2, 3, 4, 5, 6. Then, by the same 
proof as above, it oan be shown that, in all tiie rectangles 
E 2 
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B, 



about the diagonal, the diagonal of each makes half a right 

angle with its sides, and that each is 
therefore a square. 

The rectangles also, as numbered, 
have their sides equal to the sides of 
a pair of squares. Those of rectan- 
gles No. 1 being the sides of the 
1st and 2nd squares *counted from A ; 
of No. 2, sides equal to the sides of 
the 1st and 3rd squares ; those of No. 
3, the sides of the 2nd and 3rd 
squares, and so on; obserying that 
the sides of any of these rectangles 
may be ascertained by looking to the 
squares to right or left and 'upwards or downwards. For 
example, rectangles No. 5 lead upwards and downwards to the 
2nd and 4th squares and sideways to the very same squares. 

Cor. — Hence, it follows that the sides AB^ ^i^n ^^i ^^^ ^^i 
are all divided similarly ; and that the segments of any one 
are equal respectively to the segments of the other, all 
round. 
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22. Tlie Line from tlie Bisection of a Side of a Triangle 
Parallel to the Base bisects tlie otiier sidcy atid is half the 
base. 




Let ACB be the triangle, AB the base, X the bisection of the 

side BC, and Y the point in which the 
parallel to AB from X meets AC, Let also 
XiZ be a parallel to AC, Then, in the 
two triangles XYC and XZB^ the sides XC 
and XB are equal ; and, since XY and XZ 
are parallels to AB and AC^ their angles 
also are equal respectively. Therefore 
'B C^^^' 1^ their remaining sides are equal, 
Ay to BZ and YG to XZ, But the figure 
AZXYis a parallelogram (by construction) ; therefore AZ is equal 
to YX^ which is proved equal to ZB, The base AB is therefore 
bisected at Z, and XY is half AB. Also AY ia equal to ZX, 
which is equal to YC; and therefore ^C is bisected at y, as 
stated. 

It is also evident that, if Y were joined with Z, the whole 
triangle ABC would be divided into four triangles, all having 
their sides respectively equal. 
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23. If a Side of a Triangle be Divided ifito any 
number of Equal Parts^ and from the points of section 
Parallels be drawn to the Base, tliese parallels divide the 
other side into the same number of equal parts. 

Let ACB be the triangle, AB the base, and let the side BC be 
divided at the intervals marked x into 
equal parts, and the lines xy be paral- 
lels to AB, dividing AC into segments 
at the points marked y; and yz lines 
parallel to BC^ forming a series of tri- 
^gles yzy equal to the number of 
parts into which BC is divided. Then, 
since the lines yz are parallel to BC^ 
and the lines xy to AB^ the figures 
xyzx are parallelograms, and the lines yz 
are equal to the lines xx. But the tri- 
angles yzy are all equiangular, their 
sides being parallel to those of ACB, Their sides j^z are also 
equal, as now proved. Therefore their remaining sides (Theor, 
10) are equal, and the lines yy consequently equal ; that is, AC 
is divided into equal parts equal in number to the parts of BC, 
as stated. 

Cor. — ^It is evident that, if the b'nes yz were produced to meet 
ABj they would divide that line into the same number of 
equal parts. 




54 



ELEMENTARY 6E0METKT. 



PROBLEMS. 

1. The three sides of a triangle being given in magnitude, to construct 
the triangle. 

Let AB be one of the sides of given magnitude. Set off (Prob, 

2, Chcrn, 11.) two lines AM, Biv from 
A ana B equal to the two other 
^ven magnitudes ; and with A and 
B as centres, and AM and BNaa 
radii, describe circles. If these 
circles intersect in a point C, then 
ACB is the required triangle. 

For, since AM and BM are, by 
construction, equal to two of the 
sides of given magnitude, and AB 

is the third given side, the triangle has its tiJee sides of the 

given magnitudes. 

N,B. — ^If the two circles do not intersect, as illustrated by 
the smaller circle with AM^sa radius, the problem is impossible ; 
the sum of the two given sides AM^^ and BN being less than the 
base AB, contrary to Theor, 7. 
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2. Two sides of a triangle being given in magnitude and also the 
angle contained by these sides, to construct the triangle. 

Let AC he one of the sides of given magnitude ; and through 

C draw (Prob, 9, Chap. II.) a directive A', 
making with ^C an angle y of the given 
magnitude. Take on A a distance CB 
equal to the other given side, and join 
BA. The triangle ACB is the one 
required. 

For, the sides AC and BC, and the 
angle 7, being constructed of the given 
magnitudes, no other triangle (Theor. 
9) can be made of them of dmerent 
remaining side or angles. 




3. One side of a triangle being given in magnitude and also the 
two angles adjacent to thai side, to construct the triangle. 
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Let AB be the side of the given magnitude ; through A and B 
(Prob. 9, Chap. IL) draw directives Fand 
A, making with AB angles o and 3 of 
the given angular magnitudes. Let these 
directives meet in C Then the triangle 
ACB is the one required. 

For the side AB and the angles a and 
$ being those given in magnitude, no 
other triangle (Theor. 10) can be con- 
structed having different remaining 
sides or angle. 

N.B,—Ji the side ^5 and two angles, not both adjacent to AB, 
were given in magnitude, the solution would be the same ; for 
the third angle, which must then be adjacent to AB, is neces- 
sarily known in magnitude, the three angles of a triangle being 
two right angles ; and the problem would still be that of a side 
and two adjacent angles. 




4. Two sides of a triangle being given in magnitude and the angle 
opposite one of the sides, to constntct the triangle. 

Let ^C be the side adjacent to the given angle. From its 
extremity A draw a directive X^ 
making with ^C an angle a equal 
to the given angle. Then, with C 
as centre and a line CM set off, 
(^Prob. 2, Chap. II . ) equal to the other 
given side, as radius, describe a 
circle cutting X \vl B and B^. 
Either of the triangles ABC or 
AB.C is the one required. 

For these two triangles both satisfy the conditions of the 
problem, having the given sides and angle. There are thus two 
solutions, for which reason this is known as the ^* ambiguous 
case " {see Theor, 11). 




>Af 



N.B, — The problem is impossible if the side CB be less than 
the perpendicular that may be dropped from C on X, as illus- 
trated in the diagram, by the smaller circle round C If CB 
be equal to that perpendicular, there is only one solution, a right- 
angled triangle, when B^ coincides with B. 



5. To describe a circle through the vertices A, B,Cofa given triangle. 
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Bisect the sides BC and AC inL and M^ and at these points of 

bisection erect perpendiculars LR and 
MR to BC and ^ C to meet in R. With 
R^ then, as centre, and RC as radius, 
describe a circle. This circle will pass 
through the vertices -4, B and C, as 
required. 

For, since LR is perpendicular to BC 

at its bisection L^ the triangle BRC is 

(Theor. 3, converse) isosceles, and there-' 

fore BR is equal to CR. So likewise, 

MR being perpendicular to AC bA, its 

bisection il/, the triangle ARC\^ isosceles 

and AR equal to CR. Hence AR^ BR, and C/2 are equal to each 

other ; and the circle with R as centre and RC as radius passes 

throiigh the vertices A, B, and C, 




6. To inscribe a circle in a triangle ABC touching its sides. 

Bisect the angles A and B, and let the bisectors AR and BR 

meet at R, Drop from R a perpendicular 
RNon AB, With R as centre and RN 
as radius describe a circle. This circle 
will touch the three sides of the triangle 
and be the one required. 

For, drawing RL and RM perpendicular 
to ^C and AC, in the two triangles RMA 
and RNA, the angles at ikf and iVare equal, 
being right angles, and the side AR is 
common, and the angles RAM and RAN 
k^are equal. Therefore the sides RM and 
RN are equal. In like manner, since the 
angle B is bisected by BR, the perpendicular RL is equal to RN. 
The circle, with R as centre and RN as radius, therefore passes 
through Ly M, and N ; and, its radii RL, RM, and RN being 
perpendicular to BC, CA, and AB at these points, the circle 
touches the sides of the triangle. 




7. To circumscribe a triangle to a given circle R, its angles being of 
given magnitudes, , 



From the centre R of the circle draw any radius RL, and then 
draw also two other radii RM and RN, making with RL angles 
equal to the supplements of two of the angles of given magnitude 
ot the required triangle. At X, M, and N draw then tangents 
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to the circle R, 




The triangle ABC formed by these tangents is 
the one required. 

For the angles at Z, M, and N, being 
right angles in the quadrilateral MRLC, 
the sum of the angles MCL and MRL 
is two right angles; and MCL is the 
supplement of MRL, and therefore (by 
construction) one of the angles of the 
required triangle. In like manner is 
NBL the supplement of NRL, and 
another angle of the required triangle. 



8. To inscribe in a circle R a triangle, two angles of which are 

given in magnitude. 

At any point T on the circle draw a tangent MN; and then 
draw (Profe. 9, Chap. IL) two lines, TA 
and TB, chords of the circle, making 
with MN angles $ and a equal to those 
of the given magnitudes. Join A 
with B. The triangle ACB is the one 
required. 

For, since the chords TA and TB 
make (by construction^ angles B and a, 
as given, with MN, the angles A and B 
in the alternate segments are of the 
given magnitudes, and the triangle is 
as required. 

The inscribing of an equilateral triangle in a circle may be 
effected in the same way as above, by making a and 3 each two- 
thirds of a right angle ; but a special construction for it seems 
desirable, as follows : — 

9. To inscribe an equilateral triangle in a given circle R, 

With any point on the circle R as centre, and OR as radius, 
describe a circle, cutting the given 
circle in A and B, Join A with B, 
and produce OR to meet the given 
circle in C . Then join C with A and 
B. The triangle ACB is the equi- 
lateral required. 

For, since OA and OB are equal, by 
construction, to RA, RO, and RB, the 
triangles ARO and BRO are equilateral. 
Therefore, the angle ARB is four- 
thirds of a right angle ; and the angle 
ACB at the circumference is (I'heor, 12, 
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Cha^, 11.) two-thirds of a liffht angle. Also, since ARB and A OB 
are isosceles {riangles standing on the base AB^ and the triangle 
ACB has its vertex on ORC the line joining their vertices, it 
is (Theor, 4, Cor, 1) also isosceles, and its base angles each two- 
thirds of a right angle. It is therefore equilateral. 

• 

10. To inaeribe a regular hexagon in a given circle R, 

With any point B on the circle Rj and BR as radius, describe 

a circle cutting the given circle in 
A and C. This circle passes also 
through the centre R. Again, with 
C as centre and CR as radius, de- 
scribe another circle cutting the 
given circle in Ay This circle 
passes through R and B. Join B 
and C with R and produce the 
joining lines to meet the circle in 
B^sudC^. The ^guxe ABCA^B^Cj^ 
is the required hexagon. 
For, from the construction, the three triangles ARB, BRC, 
and CRA^ are equilateral triangles, and the three chords, AB, 
BC, and CA^, are equal— each equal to the radius. Further, the 
angles ARB, BRC, and CRA^ are each two-thirds of a right 
angle, and the three together two right angles ; and therefore 
the lines AR, RA^ form one right line, a diameter. The vertically 
opposite angles A,RB^, B^RC^ and C,RA are, consequently, 
each two-thirds of a right angle ; ana therefore the chords 
ACy CM^ and B^A^ are equal, being equal each to AB or the 
radius. The angles also of the hexagon are also equal, being, 
evidently, each four-thirds of a right angle. The figure is 
therefore a regular hexagon. 

1 1. To circumscribe a regular hexagon to a circle R, 

Inscribe in the circle R (last Proh.) a regular hexagon, 

A^B^Cy &c., and at its vertices draw 
tangents to the circle, meeting con- 
secutively in the points -4, 5, C, Z), 
&c., round the circle, llie figure 
ABCD, &c., thus formed, is the 
required hexagon. 

For, taking the quadrilateral 
A^RBj^Bj since BA^ and BB^ are 
tangents, from B to the circle, BR 
bisects the angle A\BB,. But, 
since the angles at A^^ ana B^ are 
right, the angle A^BB^ is the supplement of AfiB^^ which, being 
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two-thirds of a right angle (last Proh.)^ the angle A^BB^^ is four- 
thirds, and therefore RBB. and RBA^ each two-thirds. In 
like manner, in the quadrilateral B^RC^C, the angle B^CR 
is two-thirds of a right angle. The triangle BRC is therefore 
equilateral, and BC equal to BR. So, also, it may be shown that 
AB IB equal to BR, and therefore equal to BC; and so round the 
figure its sides may be all proved equal, and its angles each 
four-thirds of a right angle. It is therefore a regular hexagon 
circumscribed. 

The figure has not been lettered all round, as the principle of 
the proof is manifest from the upper half of the hexagon. 




12. To draw through an extremity A of the common chord of two 
intersecting circles R and U^, a Une of a given magnitude ter- 
minated hy both circles. 

On the line RR^ joining the centres construct a right-angled 
triangle i2i2Q, the side R^Q of 
which is half the line of given 
magnitude. Through A then 
draw the line BB^ parallel to 
R^Q, and terminated on both 
circumferences. The line BB^^ 
is the one required. 

For ; since BB, is parallel to 
R^Q, the perpendicular RQ to 
, R^Q, produced to meet BB^, is 
perpendicular to it. It there- 
fore bisects at Mthe chord AB of the circle R. If from R. a 
perpendicular RM^ be drawn to the chord AB^^, it will bisect tne 
chord AB^, and the Une MM^ be half the given magnitude. The 
double chord BB^^ is therefore equal to the given magnitude, as 
required. 

Cor. 1. When the line BB^^ is drawn parallel to RR^, it is evident 
that it is the greatest possible that can be drawn. Hence, 
to draw the greatest possible double chord is to draw it 
parallel to the line joining the centres. 

Cob. 2. It is further evident that the least chord terminated by 
the two circles must be when that chord is perpendicular to 
RR^] the side R^Q being then cipher, and consequently 
BBj^ being cipher. This happens when BB^^ becomes the 
common chord of the two circles. 



60 ELEMENTARY GEOMETRY. 

13. To construct a triangle^ its three sides being given in magnitude, 

so that they pass one through each of three given points, L, M, 

andN, 

» 

The sides of the triangle being given, it can anywhere be 

constructed, and its angles are 
then known. Then, on the lines 
LM and LN describe segments 
{Proh. 15, Cliap, 11.) LCM and 
IjBN, containing two of the as- 
certained angles C and B, Then 
draw (last Proh,) through L a 
line BC equal to the side oppo- 
site the remaining angle of. the 
triangle. Join C with M and B 
with N, and produce the joining 
lines to meet at some point A, 
The triangle BAC, so formed, is 

the one required. 
For; by the construction, the angles C and B are of the 

ascertained magnitudes, and BC is equal to one of the given 

sides. The triangle ABC is therefore equal to the given triangle 

and passes through LM and N, 

N,B, — This problem maybe put in another way, viz., being 
given the angles of a triangle and one side, to construct it 
so that its sides may pass one through each of the points 
L, M and N. 

Hence the greatest triangle of given angles through Z, M and 
N is that which has its three sides parallel to the lines joining 
the centres of the three circles B, R^, R^, 

The student may also prove, as an exercise, that the circle R 
through M and N, and the intersection of the circles R^ and 
R^, passes through the vertex A of the constructed triangle 
ABC. 




EXERCISES. 

1. Draw through a point on a circle a chord of a given 
magnitude. 

2. Draw through a point, inside or outside a circle, a line, 
so that its segment intercepted l>y the circle be of a given 
magnitude. 

3. Inscribe a square in a circle. 
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4. Exsciibe a circle to a square. 

5. Circumscribe a square to a circle. 

6. Circumscribe a circle to a square. 

7. Describe a square on a given line. 

8. Draw two equal lines from two given points to a given 
directive or circle. 

9. Draw from two given points lines to a given directive so 
that they make equal angles with it. 

10. Prove that the sum of the two lines which make the equal 
angles with the directive is the least possible sum which can be 
drawn when the two points are on the same side of the directive ; 
and that their difference is greatest when the two points are on 
opposite sides. 

11. Prove that the sum of the perpendiculars dropped from 
two given points upon any directive is double the perpendicular 
upon the directive from the bisection of the Hdo joining the 
two points. 

12. Given base and vertical angle of a triangle, construct it so 
that' its vertex be on a given directive or circle. When is the 
problem impossible ? 

13. The perpendiculars on two directives drawn from any point 
on the bisectors of either angle between them, are equal. 

14. Hence prove that the three bisectors of the internal angles 
of a triangle meet in a point. 

15. Also prove that a bisector of one internal angle of a tri- 
angle and the two bisectors of the external angles adjoining the 
other two internal angles, meet in a point. 

16. Hence, find the centres of the four circles which may be 
described touching three intersecting directives. 

17. The three perpendiculars from the vertices of a triangle 
on the opposite sides, meet in a point. 

18. The point of meeting of these perpendiculars is the centre 
of the circle inscribed in the triangle formed by joining the feet 
of the perpendiculars. 

19. Any two bisectors of two sides of a triangle drawn from 
the angles opposite these sides, trisect each other. 

20. The tnree bisectors of the sides of a triangle drawn from 
the opposite angles meet in a point. 
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CHAPTER IV. 

• 

The equality of areas is primarily established by a 
supposed superposition. When the boundaries of two 
closed figures^ whether composed solely of lines or 
solely of curves, or partly of lines and partly of curves, 
may be made to coincide all round, the superficial 
spaces, or areas {Lemma 2), must be equal. Thus, 
two circles of equal radii having the same centre must 
coincide in their circumferences, and include equal 
areas. And even if they have different centres, their 
areas are equal ; since, by superposing the centre of 
one on that of the other, the circumferences of both 
must coincide, and the two circles become^ practically 
one, and therefore have equal areas. 

In like manner, two figures composed of two equal 
arcs of the same circle, and of two equilateral triangles 
constructed on the chords of these arcs, have equal 
areas. 

By this kind of superposition Euclid proves 
(Bk. I. Prop. 4) that when two triangles have two 
pairs of sides respectively equal, and the angles con- 
tained by them equal, their areas are equal ; and 
that also (Bk. I. Prop. 8) when two triangles have 
their three pairs of sides equal respectively, their 
areas are equal. 

We take first the four fundamental cases of two 
equal triangles, considered in the Theorems 8, 9, and 
10 of the preceding chapter, and prove that, in all, the 
areas of these triangles are equal. In all four cases 

* See Appendix, Note 3. 
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(the fourth of which is reduced to the third) it is 
shown that, whatever be the three pairs of magnitudes 
(side or angle) given equal, the result is that all sides 
and angles are equal respectively. It is sufficient, 
therefore, to prove that, when the three pairs of sides 
of two triangles are equal respectively, the areas of 
the triangles are equal. 

In the fifth or ambiguous case ( Theor, 1 1 , Chap, III. ), 
the equality of all the sides and angles being subject 
to a condition, the equality of the areas cannot with 
certainty be affirmed. 

1. If Two Triangles have the Three Sides in one equal 
respectively to the three sides in the others their areas are 
equal. 

Let the two triangles ABC and A^B^Cy^ be supposed so 
placed that their equal bases AB 
and A^B^ may coincide through- 
out, and their vertices C and C^ 
may be on the same side of AB; 
and, with A as centre and AC ha 
radius, suppose a circle described. 
Then, since i4jC, is equal to ACy 
the extremity Cj of A^C^ will 
be on that circle. In like manner, 
suppose a circle described with 
B as centre, and BC as radius, the 
extremity C, of B^C^ will be on 

this second circle. But these two circles intersect only once 
on the same side of the line AB joining their centres ; and, 
therefore, the vertices C and C^ coincide, and, consequently, 
AC coincides with Afi^^ and BC with B^Cy Therefore, the 
enclosed spaces, or areas (Lemma 2, Introduction), are equal, as 
stated] 

CoR. 1. — ^In pairs of right-angled triangles the same conclusions 
hold good. One pair of angles, the right angles, being 
always equal, the conditions for equality of area are reduced 
to two, viz., a side and an acute angle, or any two sides equal 
in the two triangles. The proof ends by showing that in all 
such cases, the three pairs of sides of the triangles are 
respectively equal. 
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2. Tiro Segments of the Same Circle, or of two equal 
drelesj enclosed by two Equal Arcs and tlieir Chords are 
equal in area. 

Let the segments ACB and A^CyB^ be first taken in the circle 

72, their chords being 
AB9XL&A^R^, Then, 
if a diameter MRN 
be supposed drawn, 
bisecting the arc A A, ; 
and if the semicircle 
MC^N be turned 
round the diameter 
MN so that it fall on 
the side of the semi- 
circle MCN^ according to the remarks in the Introduction to 
the second chapter, the arc A^C^B^ should coincide with the arc 
ACB throughout. The chords AB and A^B^ should also coin- 
cide; and therefore, the boundaries of the segments thus 
coinciding, their areas are equal, as stated. 

When the segments are one in each of two equal circles R and 
R^j as in the diagram, the circle R^ can be supposed placed oyer 
the circle R by making their centres coincide, when consequently 
their circumferences will coincide ; and then the segment Afi^B, 
of circle R^ becomes a segment equal to ACB of circle /(, ana 
is therefore equal to it in area, as proved above. 

3. Two Sectors of the Same Circhy or of two equal 
circles^ the Central Angles of which are JEqualy have equal 
areas. 

Let the sectors ARB and AJft^B^ in the circle R first be 

taken. Then, since 

'^ ^ ^'^ ^ their central angles 

ARB and A^RB, are 
equal, the arcs AB and 
AJB^ are (Theor. 11, 
chap. 11.^ converse^ 
equal ; and therefore, 
the segment enclosed 
by arc AB and chord 
AB is equal in area to the segment enclosed by the arc AjB^ and 
the chord A^B^, as proved {Theor. 2), 

Further, in the two triangles ARB and AJiB^ the angles at 
R are, by supposition, equal, and the sides of the triangles are 
equal, all being radii. Thereifore ( Theor, 1) their areas are equal ; 
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and also the areas of the sectors, which are the sums of the areas 
of the segments and of the triangles, are equal, as stated. 

In the case of the sectors being one in each of two equal 
circles, the proof is the same. The segments are equal in area, 
as proved in the last theorem; and the triangles ^/2jB and A^RB^j 
haying equal sides and contained angles, as above proved, are 
equal also in area. 

4. Tlie Diagonal of a Parallelogram divides if. into 
Two TriangleSy the areas of which are equal. 

It has been proved above (Theor, 1) that two triangles, whose 
three sides are eaual respectively, ^, 
have equal areas. Now, in the two 
triangles ABA^^ and AB^A^^ the side 
AA^ is common ; the opposite sides 
AB and A^B^ are equal, and also the 
other pair of opposite sides, AB^ and 

A^B^ are equal. Therefore the tri- 

angles, having their three sides re- * -^ -A. 

spectively equal, have (Theor, 1) their areas equal, as stated. 

Cor. 1. Squares and rectangles being parallelograms, the 
general proposition holds good — a diagonal divides them 
into two right-angled triangles of equal ar^as. 

5. In a Parallelogram the Complements of the paral-- 
lelograms about the Diagonal are equal in area. 

Let ABA^B^ be the parallelogram and AA^ the diagonal, and 
OOj, QQj parallels through a 
point D on the diagonal to the 
sides. The parallelogram is thus 
divided into two parallelograms, 
AD and A^D, about the diagonal, 
and the two parallelograms OQ^ 
and OjQ. But (Theor, 4) the 
triangles AA^B hud AA^B^ are equal in area. Also, in the paral- 
lelograms about the diagonal, the triangle ADD is equal to the 
triangle AQD in area; and so is the triangle A^^O^D equal to 
A^Q^, Take away respectively these triangles from the tri- 
angles AA,B and AA^B^, and the remainders, the parallelograms 
OQj and O^Q, which are the complementary parallelograms, are 
(Ax. 3) equal in area, as stated, 

6. Parallelograms on the Same Base and between the 
Same Parallels are equal in area. 

F 
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. Let AB be the common base, and ABA^B^ and ABA B^ two 

such parallelograms on AB and 

-f^Ai ^tween the parallels AB and A^B.^. 

Then, since AB^ is parallel to A^B^ 

and also AB^ parallel to AJi^ the 

angles between these parallels, 

A^A.^ and B AB^, are equal. Also 

the sides AB^ and BA^ are equal, 

and AB^ and BA^ also equal. The 

two triangles AB^B^ and -6.4 ^ /I „ are 

therefore ( Theor, 1) equal in area. Take these equal trianjrles from 

ABA^B^ in succession, and the remainders, the parallelograms 

AA^ and AA^^ are {Ax, 3) equal in area, a« stated, 

7. Parallelograms on Equal Bases and between the 
Same Parallels are eqiuil in area. 

Let AB and CD be the equal bases, and ABA^B^ and CDC^D^ 

the two parallelograms on these 
bases and between the parallels AD 
and BX^y Join A with D^ and B 
with Cj. Then (last Theor.) the 
parallelograms AA^ and ^Cj are 
equal, the line D^C,, which is equal 
to CD, being equal to AB. Also, 
the parallelogram AC^, being on the 
base Z>^C,, is equal to parallelogram 
CCj^ on tne same base and between 
the same parallels AD and B^C^, Therefore, the parallelograms 
AAj^ and CC., being each equal to parallelogram ^Cj, are (Ax. 1) 
equal to eacn other, as stated 

S. If a Parallelogram and a Triangle be on the Same 
£asey and betweefi the Same Parallels, tlie area of the 
triangle is half that of the parallelogram. 

Let ABA^B^ be the parallelogram, and ACB the triangle, both 

on the common base AB, Let, 
also, BC^ be a parallel through B 
Ui AC meeting ^ ^4. produced at 
C^. Then ABC^ C is a parallelo- 
gram ; and, BC being one of its 
diagonals, it divides this paral- 
lelogram into two triangles, ABC 
and BCC^j equal in area. There- 
fore the triangle ACB is half 
the parallelogram AC,. But 
(Iheor. C) the parallelogram ^C, is equal to the parallelogram 
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A Ay Therefore the triangle ACB is equal in area to half the 
parallelogram AA^, as stated. 

Cor. 1. If the parallelogram AA^ become a rectangle, ABA^B^y 
the sides, AB^ and BA^ are both perpendicular to AB; and 
also parallel and equal to the perpendicular CP from the 
vertex C of the triangle on its base AB. The area of a tri- 
angle is therefore half the rectangle under its base and the 
perpendicular from its vertical angle on the base. 

9. Triangles on the Same Base, or on Equal Bases, 
and between tlie Same Parallels, are equal in area. 

This follows immediately from the last three theorems. Tri- 
angles {last Theor.) are the halves of parallelograms on the same 
base or on equal bases and between the same parallels ; which 
parallelograms are (Theor s, 6 and 7) proved equaL And there- 
fore their halves, the triangles, are equal in area, a^ stated. 

\0. If Two Triangles stand on a Comrrvon Base and 
their Areas are Equal, the line joining their vertices is 
parallel to tlie common base. 

Let the two triangles be ACB and ^40^^ on the common base 
AB ; and suppose, if possible, 
that the line CC^ joining 
their vertices is not parallel. 
Then some other line through 
C, the directive X must be 
parallel. Join the point D in 
which X cuts BC^ with A. 
Then, since CD, or X, is by 
supposition parallel to AB^ 
the triangles ACB and ADB are (last Theor,) equal in area. But 
the triangles ACB and AC^B are given equal. Therefore, the 
triangles AC^B and ADB are equal, which is impossible {Ax. 10) ; 
and CCj, not X, is the parallel to AB, as stated. 

If the two triangles be on two equal bases instead of a common 
base, the demonstration is the same. 

Cor. 1. Hence ; if any number of triangles be constructed on a 
common base having all the same area, their vertices will be 
on a directive parallel to the base, which is the opposite side, 
produced into a directive, of a rectangle constructed on the 
base of double the given area. This directive, from its being 

F 2 
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''the place ^' where these verticeB lie, is termed the locus 
of the vertices. 

11, ij^ Two Equiangular Triangles have Equal Areas y 
the sides opposite the equal angles are respectively equal. 

Let ABC and A^B^C^ be the two equiangular triangles ; and 

suppose the vertex ^4^ of the triangle 
A^B^C^ made to coincide with the ver- 
tex A of ABC^ and the side ^,^1 to 
fall on AB, Then, since the angles A^ 
and A are equal, the side AX!^ must 
fall on AC, But wherever the extre- 
mities B^ and C^ may fall on AB and 
AC^ since the angles B^ and Cj are equal to the angles B and C, 
the line B^C^ joining these extremities must either be parallel to 
BC or coincide with it. It cannot be parallel, for then the areas 
of the two triangles could not be equal, as is supposed. It must 
therefore coincide with BC^ and consequently the pairs of sides 
opposite equal angles be respectively equal, as stated, 

12. Tlie Areas of Two Squares on Equal Lines are 
equal. 

For each square is divided by its diagonal into two isosceles 
right-angled triangles, which are its halves. Two of these 
isosceles triangles, one taken from each square, having, by the 
statement, two sides in one equal to two sides in the other and 
the contained angles (right angles) equal, their areas (Theor, 1) 
are equal. Therefore their doubles, the squares, are equal in 
area, as stated, 

CONVEBSELT. — Iftwo squares have equal areas their sides are eqtud. 
— ^This follows from the last theorem. For each square may be 
divided by a diagonal into two equal right-angled isosceles tri- 
angles ; and these, being equiangular triangles, all having their 
areas equal, they must (last TJieor,) have their sides equal. 
The sides of the squares are therefore equal, a« stated. 
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PROBLEMS. 

1, To construct a parallelogram equal to a given triangle ACB^ and 

having an angle a of a given magnitude. 

Through the vertex C of the triangle draw a directive X 
parallel to AB, Bisect ^£ in M^ 
and from M draw MB, making 
with MB the angle BMB^ equal 
to a to meet the directive X, 
Through 5 draw B3ij parallel to 
Af^^also meeting X. The paral- 
lelogram MM^ is that required. 

For, the -parallelogram MM,^ 
being between the same parallels 
with the triangle ACB but on a base MB half of the base AB^ 
is (Theor. 6) equal in area to the triangle ACB; and also its 
angle &tMi& equal to a ; as required. 

2. To construct on a given line ABa parallelogram^ the area of. which 

shall be equal to that of a given triangle^ and which shall have 
an angle a of a given magnitude. 

By the last problem construct a parallelogram of the area of 
the given triangle having one of its 
angles of the given magnitude. Pro- 
duce the given line AB so that the pro- 
duced part CD be equal to one of the 
sides of the constructed parallelogram ; 
and let CZ)^ be drawn, making the given 
angle a with AB^ and eaual to the other 
side of the constructed parallelogram. 
Draw, then, through D and Z)^ the lines 
DC^ and D^C^ parallel to CD^ and CD 
meeting in C,. Produce C^D^o meet 
in a parallel through A to Cl)^ Join 
with C and produce OC to meet at Oj, C^D also produced. 
From Oj draw a parallel O^A^B^ to AB to meet OA produced to 
B^. The parallelogram AnA.B^^ is the one required. 

For, the figure OC^OJB is, by the above construction, a paral- 
lelogram ; and the parallelograms A A, and CC^^^ being the com- 
plements of the parallelograms OC, U^C about the diagonal 00^, 
are equal (Theor, 5) in area. But the parallelogram CC, by con- 
struction iA equal to the given triangle. Therelore parallelogram 
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A A. constructed on AB^ with its angle A equal to the alternate 
angle a, is also equal to the given triangle, as required, 

3. To constritct a parallelogram equal in area to a given right-lined 
^fignre, and having an angle aoj a given magnitude* 

Let the given right-lined figure be divided into triangles ; and 

construct (Prob. 1) a parallelogram 
ABCD with a for one of its angles, 
and having an area equal to that of 
one of the triangles. On the side 
CD of this parallelogram construct 
{Prol. 2) another CDC^D^, also hav- 
mg a for an angle and equal to a 
second triangle. In like manner 
construct parallelogram CJ)^A^, 
with angle a, and equal to a thira 
triangle ; and so on with all the triangles if there be more. The 
figure ABA^B^ is then the parallelogram required. 

For the angles marked a in the diagram are by construction 
equal. Then, since in the parallelogram DD^ the sum of the 
angles a and C is {Theor. 9, Chap, I,) equal to two right angles, 
the sum of the a of the parallelogram AC and the adjacent angle 
C of parallelogram DD,, is two right angles. Therefore (Theor. 4, 
Chap. I,) the sides Bu and CD^ coincide in direction and form 
a continuous line, in like manner it is proved that the sides 
CDj and A^i coincide in direction. Therefore the three sides 
J5C, CD^, A^i ^^^^ 0"G line. Similarly, the sides AD, DC, and 
C^B^ form one continuous line. The four sides AB, CD, ^i^n 
and A^B, moreover, are by construction equal and parallel to each 
other, and therefore A,Bj^ is equal and parallel to AB, and the 
figure ABAy^B^ is a parallelogram which has an area equal to that 
of the given right-lined figure, as required. 

Cor. 1. Hence a parallelogram with a given angle o may be con- 
structed on a given line equal in area to a given right-lined 
figure, by constructing (by this Prob,) any parallelogram 
having that angle and area, and then on the given line con* 
structing another parallelogram (last Prob.) of the same angle 
and area. 

Cor. 2. A parallelogram may also be constructed on a given line 
equal to the sum or difference of two right-lii;ied figures by 
constructing the equivalent parallelograms, in the case of 
the sum, one above the other, so ns to form one parallelo- 
gram ; and, in the case of the difference, constructing the 
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parallelograms equiyalent to the triangles of the figure of 
greater area over each other upwards, and those of the 
less figure, in a reverse order, downwards, from the upper 
side of the greater equiyalent parallelogram. Thus the 
difference becomes constructed on the given line. 

4. Given the base AB and the vertical angle of a triangle^ and its 
area, to construct it. 

Let AB be the'base. Construct on it (Prob. 15, Chap. II.) a 
segment of a circle containing an 
angle equal to that given. Con- 
struct, then, on AB a rectangle of 
double the given area of the required 
triangle ; and let the directive X be 
the upper side, indefinitely pro- 
duced, of this rectangle, cutting 
the circle in the points C and C^. 
Join these points with A and B. 
Either of the triangles ACB, AC^B 
so formed is the required triangle. 

For both triangles stand on the 
given base AB ; and, their vertices 

being on the segment AMB constructed on AB, their vertical 
angles C and C^ are equal to the given angle. Their vertices 
being also on the directive X parallel to AB, their areas 
{Theors. 8 & 9) are equal to each other and to the given area. 

N.B. — If the directive touch the circle at its highest point 3f, 
the triangle will be the greatest possible in area that can be con- 
structed on AB with the given vertical angle. If X do not cut 
the circle but lie above it, the solution is impossible. It should 
also be observed that, in the general solution, the two triangles, 
ACB and AC^B, are the same in sides and angles, but reversed. 




EXERCISES. 

1. Given base and area of a triangle, and that its tertex be on 
a given directive, construct the triangle. 

2. Given baae and area of a triangle, construct it so that its 
vertex be on a given circle. How many solutions are there ? 
And when is the problem impossible ? 
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3. In the last question when is the area the greatest possible 
and when the least possible, the base and circle only being 
given? 

4. If two triangles have a common base and stand on opposite 
sides of it, and have their areas equal, the line joining their 
vertices is bisected by the common base. 

5. Inscribe a parallelogram of a given area in a triangle, its 
sides being parallel to two sides of the triangle. 

6. When will the area of this parallelogram be the greatest 
that can be so inscribed ? 

7. How inscribe a rectangle in a triangle, its area being given ; 
and when will the area be the greatest possible ? 

8. Inscribe in a circle a rectangle of a given area. When will 
the area be the greatest possible ? 

9. Two sides of a triangle being given, when is the area the 
greatest possible ? 

10. Bisect the area of a triangle from a point on one of its 
sides. 

11. Trisect the area of a triangle by lines drawn from a point 
within it. 

12. If two triangles stand on two adjacent sides of a parallelo- 
gram and have a common vertex on the diagonal through the 
meeting of the sides, their areas are equal. 

13. If two triangles on given bases, and having a conmion 
vertex, have the sum or difference of their areas constant, their 
common vertex in each case is on a directive. How determine 
these directives ? 

14. If, with any point as a common vertex within a parallelo- 
gram, three triangles be constructed standing, two of them on 
two adjacent sides of the parallelogram and the third on the 
diagonal through the meeting of these sides, the area of that 
on the diagonal is equal to the difference of those on the sides. 

15. If the point be taken without the parallelogram, but within 
the vertically opposite angles of the parallelogram at which 
the sides meet, the triangle on the diagonal is stHl equal to the 
difference between those on the adjacent sides. 

16. If the point be taken without the parallelogram, but 
within tbe two angles supplementary to that at which the sides 
meet, the area of the triangle on the diagonal is equal to the 
sum of the areas of those on the two adjacent sides. 

17. Prove that the tiiangle of greatest area that can be 
inscribed in a circle is the equilateral triangle. 
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CHAPTER V. 



RECTANGLES AND SQUARES. 

Rectangles and squares haye next to be considered 
in connection with their areas^ as constructed on lines 
which are the sums or differences of two or more lines 
or single lines divided into segments. 

The following proposition is practically useful in 
both cases: — ^ 

1. The Half Sum of two lines With their Half JDif- 
ference is equal to the greater line, and tlie half sum Less 
by the half difference is equal to the less line. 

Let AO, A^O be the two lines placed in directum, and conse- 
quently AA^ their sum. Then, 
on taking AO^ equal to A^O^ the m 

line OOj is their difference. Let A 0/ • ' Ai 

also M be the bisection of AA^ ; 

then M is evidently also the bisection of 00^ Therefore, MA is 
half the sum of AO and Afi; and 3/0, the half of 00^, is half 
the difference of ^40 and A^O. But the half sum AM^ with the 
half difference MO^ is the greater line AO ; and the half sum 
A^M^ less by the half difference MO^ is the less line A^O^ as 
stated, 

2. The Rectangle under tlie Sum of Two Lines and 
Either Line is equal to the square of that line together 
with tlie rectangle under tlie two lines. 
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1 diTeetitm, and therefore AB 
.^v^ o.^, and ABA^B, the rectangle 
described on AB with A,B, equal to 
BO, for its adjacent side ; and let, also, 
00^ be a line throagh parallel t^ 
AB,, terminating in A,By The rect- 
angle AA, ia thoa divided into two 
rectangles, AO, and OA,. But aince 
AjB ia, bj construction, equal to BO, 
the rectangle OA, is a square— the 
square of BO. Also, since 00, is {Tieor. 14, CAop. ///.) equal 
to A,B, it is equal to BO; and therefore the rectangle AO, is 
equal to the rectangle under AO and BO. Hence the rectangle 
under the sum AB and the line BO is equal to the square of BO, 
together with the rectaagle under AO and BO, as stated. 

If the rectangle under the sum AB and AG were taken, the 
result would be similar ; the rectangle under AB and AO would 
be equal to the square of AO with the rectangle under AO 
and BO. 



3. The Square of the Sum of Two Lines is equal to 
the sum of tJidr squares with double the rectangle under 
tliem. 

Let AB be the sum of the two lines AO and BO, and ABA,B, 

the square on AB. Also, let 00, be a 

parallel to AB, through cutting the 

diagonal AA, in D, and QQ, the 

parallel through D to AB. l"hen 

{TheoT. 20, Chap. III.) the square on 

AB is divided into two squares, AD 

and A,D, about the diagonal, which 

are the squares of AO and BO, and the 

two complementary rectangles OQ, and 

i^ <j O.Q., whose aides are equal to each 

other and equal to ^0 and BO. The 

area of the square, therefore, is composed of the squares of the 

Lnes AO and BO, and double the rectangle under AO and BO, 



L^ 



Cor, 1. If AO be equal to BO, the line AB is bisected at 0; and 
the squares about the diagonals are each a square of the 
h^ilf line. The two complementary rectangles also are each 
a sqnaie of the half line. Therefore, the square of a line is 
four times the square of its half. 
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The principle io the above proposition may be 
extended. 

4. TIk Square of the Sum of any Number of Lines is 
equal to the sum of the squares of the lines, vnth double 
the sum of the rectangles under themin pairs. 

Let AB be the Bum composed of the linea Ax, xy, yz, ud zB, 
and ABA.B, the square on AB. 
Then, on orawing parallels through 
the points a;, y, s, to AB^ or A^B, 
intersecting the diagonals m Z>, D^, 
D,; and througli D, D,, D„ other 
paraliela to AB or A^B^; these 
parallels divide the whole square 
into squares (the shaded figures) 
about the di»gooal AA., and pairs 
of equal rectangles {Theor. 21, 
Chap. III.-) marked 1, 2, 3, 4, 5, 6. 
The squaresabout the diagonals are 

{same rAeor,) the squares of Ax, xy, ., _, _^ _, „ 
gz, and zB; and the complementaiy 

rectangles, in pairs, as marked, have their udes equal to the 
sides of the sqnares, Ax, xy, yz, and tB. Therefore the area of 
the square of the sum AB is equal to the sum of the areas of the 
squares of the lines and of double the sum of the areas of 
the rectangles under every pair of them. 

Cor. 1. If the lines Ax, xy, yz, zB be equal, the complementarf 
rectangles will he also sg^uares of the component lines, and 
every figure into which the square of AB is divided will be 
a square each equal to another ; and the whole square will 
be as many times the square of the part ae is represented by 
the arithmetical square of the numbers of parts. 

Thus, in the figure, the parts being four, the square of a line is 
sixteen times the square of tta fourth part. 

So, also, the square of a line is twenty-five times the square of 
its fifth part. 

The same for other numbers. 

5. The Square of (he Difference of Two Lines is eqjial 
io the' sum (f their squares, leas by two rectangles under the 
lines. 
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Let AO and BO lie the lines, and therefore AB their differ- 
ence. Let, also, AODQ be the square 
n n. . on the greater line AO. Let BQ^ be 

a parallel to AQ meeting AD in A, ; 
and through A^ let B,0, he a parallel 
ta ^O. Then, since the rectangle AD 
ia a square, the rectangle AA^ ahoat 
the diagonal AA^ is also a square, and 
the square o£ the difference AB. But 
the square AA, is less than the eqiiare 
— AD of the greater line AO by the 

gnomon QDO. It is therefore less 
than the sum of the squares AB and A.D by the gnomon and 
the sqiinre A,D. But the gnomon and tne square A^D together 
are equal to the two equal rectangles QO, andQ,0. But thesidea 
of these rectanglesare equal respectively to AO and£0. 'J'here- 
forethe square of AB is equal to the sum of the squares ol AO 
»adBO, less by two rectangles under AO and BO^ as stated. 

6. The Difference of the Squares of Two Lines is equal 
to the rectanffle under t/ieir sum and difference. 

Let AO and BO he two lines forming a sum AB, and ABA^B^ 
the square on AB. Let, also, 00, be a 
parallel to AB^ through 0, cutting the 
diagonal AA, in D, and QQ, a'parallel to 
AB, »1so through D. Then the rect- 
angles AD, A,D about the diagonal AA. 
are squares, the squares of AO and 
BO, and the complementary rectangles 
OQi and 0,Q, have (Theor. 20, Chap. HI.) 
equal sides equal to AO and BO, and 
/I O " (^Theor. 6, Chap. IV.) also equal areas. 

Now, the differecce of the squares AD 
and A,D cannot be altered by adding to AD the rectangle QO^ 
and to .4^ the equal rectangle OQ^. The difference of the 
squares AD and A,D thus becomes the difference of the rect- 
anj-les AO^ and BO,. But these two rectangles have 00, for a 
common side, which is equal to AB. Therefore the difference o£ 
the squares of AO and BO is equal to a rectangle under AB, the 
sum of AO and BO, and a line equal to the difference of AO and 
BO, that is, to the rectangle under the sum and difference of the 
two lines, ai stated. 

7. The Sum of the Squares of Tiro Lines wUh the 
Difference of t1mr_Squares is equal to double t!i4 square of 
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the greater line ; and the turn of the squares lees by the 
difference is equal to doMe the square of the less line.* 

Let AO and BO be the two lines, and jIP eqiial to SO. Also, 
let A3A^Bj he the square on AB,, and 
00^, PP^ two pamUela to AB„ cutting 
the diagonal AA^ in D^ and D ; and QQ, 
and RR, two parallelB through D and 
i>i to AB. Then, the square AD, 
aoout the diagonal AA^ is the square 
of AO, and the square A,D^ ia the 
sqnare of BO. Also, since AP is equal 
to BO, the square JZ) is a square of 
BO. Hence the gnomon RDfiPDQ is 
equal to the difference of the squares of 
AO and BO. Therefore, if the sum of 
the squares AD^ and A^D^ be added to the gnomon, the squai^ 
A^D^ (equal to the square AU) with the gnomon mates one 
square uf AO, and the other square AD, is a second square of 
AO, that is, the sum of the squares with the difference of the 
squares is two squares of the greater line, as slated. 

Further, if the gnomon be taken from the Bum of the squares 
AD^ and A.D^, there will eTtdently remain the two squares AD 
and A^D^, tnat is, two squares of the less line BO, as slated. 

8. The Sum of the Squares of the Sum and Differ- 
ence of Two Lines is double the sum of the squares 
of the lines. 

Let AB be the sum of two lines AO, BO; and suppose OC 
taken on ^0 equal to BO. Then AC 
is their difFerence. Let, also, ABA,B, 
be the square on the sum A B, and CC^ 
and 00, parallels through C and to 
AB,, meeting the diagonal AA, in D 
and D^, and QQ, and RR^ parallels to 
AB through D and D,. Then, tie 
square of AS is (Theor. 3) equal to 
the Bonarea AD^ and A,p,, with the 
two shaded rectangles Oif, and OJi, ^ cob 

But, sinee CO is equal to BO, the 

two shaded rectangles are equal to the rectangles CD^ and QD,, 
- "'" " '" ■■ - "" -r to the 



UflL 






i. 



that is, to the gnomon RDM with the square DD,, < 
"" irnon with the square A^D^. The square of the sui . 
', of AO and BO, with the square of their difference, i 



« Appondii, Hote 4. 
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to the sum of one square AD^^ two squares A^D^^ the gnomon 
RD^O^ and the square AD, But the square AD with the 
gnomon is the square AD^ ; therefore, the sum of the squares 
of AB and -4 C is equal to two squares -4 7)^ with two squares 
AJ)^\ that is, to double the sum of the squares of ^C> and 
BO; as stated. 

This theorem may otherwise be thus proved from the third 
and fifth theorems. The square of the sum is equal to the sum 
of the squares with double the rectangle under them, and the 
square of the difference is equal to the sum of the squares less 
by two rectangles. The excess of the two rectangles in the 
former case, in a geometric addition, is balanced by the default of 
the same two rectangles in the latter ; and the result is, double 
the sum of the squares. 

By halving the magnitudes in this theorem we may state it 
differently. The sum of the squares of the lines becomes half 
the square of the sum with hsdf the square of the difference. 
But half the square of any line is double the square of its half. 
Therefore, the sum of the squares of two lines is double the square of 
half their sum with double the square of half their difference. 

Cor. i . Hence it follows that, when the sum of two lines is given, 
the sum of their squares is the least possible when the lines 
are equal. For, since the sum of their squares is double the 
square of half their sum (which is a fixed magnitude) with 
double the square of half their difference, when the differ- 
ence is nothing the sum of the squares must be least, and 
the lines equal. 

9. The Difference of the Squares of tlie Sum and 

Difference of Two Lines is equal to four rectangles under 

the lines. 

Let AO and BO be the lines, and ABA^B. the square on their 

sum AB. Let Ap be equal to the less 
line 50, and OO^^PP^^ parallels through 
and P to AB^ meeting the diagonal 
AA^ in D^ and Z>, and QQj, RR^ 
parallels through D and TX io AB. 
Then, since AP is equal to BO^ OP is 
the difference of ^0 and J50, and the 
square Z)Z). about the diagonal is the 
square of the difference of the lines 
-40, BO. But the square on AB ex- 
ceeds the squai^ DD^ by the unshaded 
marginal figure composed of the four 
rectangles OQ, QP^, P^R^, and R^O. But these are {Theor. 20, 
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Chap, III.) four rectanglea under AO and BO. Therefore the 
square of the sum AO exceeds the square of the difference PO by 
four rectangles under ^0 and BO, as stated. 

This theorem may otherwise be thus proved from the third 
and fifth theorems. The square of the sum is equal to the sum 
of the squares with two rectangles under them ; and the square 
of the difference is equal to the sum of the squares less by two 
rectangles. The square of the sum then exceeds the sum of the 
squares by two rectangles ; and the sum of the squares exceeds 
the square of the difference also by two rectangles. The square 
of the sum, therefore, exceeds the square of the difference by 
four right angles. 

By taking the fourth parts of all the magnitudes in this 
theorem we may state it differently. The rectangle under two 
lines is equal to the difference of the squares of half their sum and 
half their difference. 

Cor. 1. Hence it follows that, the perimeter of a rectangle being 
given, the area is the greatest when the rectangle is a 
square. For, the perimeter being given, the sum of its 
two adjacent sides, the half perimeter, is given ; and the 
rectangle under these sides is equal (as above proved) to 
the difference of the squares of half their sum and half their 
difference. But the sum of sides being fixed in magnitude, 
the rectangle is greatest when the square of the difference 
is least, that is, when it is nothing, or when the sides are 
equal and the rectangle a square. 

Cob. 2. Hence, also, it follows that, of all rectangles having a 
given area, the square has the least perimeter. For, in any 
other rectangle of the same area, that area is equal to the 
difference of the squares of the half sum and half difference 
of its sides. The square of the half sum must therefore he 
greater than the square of given area, and consequently the 
half sum of sides itself greater than th£ side of that square. 
The perimeter of the square, therefore, is least. 



We next consider the areas of rectanglea and 

squares in connection with ^__ 

lines divided into segments * 

equal or unequal, or into 

both. 

The first object is a clear account of a segment. 
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Suppose the line AB (in the upper figure) 
divided into two parts at 0, Then AO and BO are 
manifestly the segments of AB. But the term *' seg- 
ment" may carry a larger meaning; and how are we 
to define it so as to convey a distinct general idea I 

The account generally given is, that the segments 
of a line, such as AB^ are the distances of the point 
of section from the extremities A, B, of the line ; 
and this holds good for the popular idea of " cutting 
a line." 

But Modem Geometry has extended the idea of a 
segment to cases in which the point of section is 
outside the line AB, either to right or left, but on its 
directi(»n. Thus, when is taken to the right of B 
on AB produced (as in the lower figure), the dis- 
tances AO and BO of from A and B are still con- 
sidered " segments " of AB ; but the line AB is then 
said to be cut externally. The line may likewise be 
cut externally to the left of A. 

The student will notice that, in internal section, 
the segments are measured from in opposite direc- 
tions, from right to left for 40, and left to right for 
BO ; whereas, in external section they are both from 
right to left or left to right. 

It should also be noted that when the point of 
section is either extremity of AB, one of the segments 
is AB itself, and the other vanishes. Also, when AJB 
is bisected at Jf, the segments AM, BM are equal ; 
but it cannot be bisected externally within any finite 
distance ; AO being always greater than BO, These 
external segments, however, tend to equality, as the 
distances of from A and B increase in magnitude. 

When a line is both 

^ I f^ Q bisected and cut, either 

internally or externally, 

A if. into unequal segments, 

^ there are altogether five 
segments to be considered in each case, namely, the 
unequal parts AO and BO, the equal parts AM and 
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BM^ and the intermediate part MO. In internal 
section the intermediate part is less than the half 
line. In external section it is greater. 

In internal sec- o m o 

tion the sum of the a ^ "a 

segments A 

andj50(asinthe 

upper figure of ;? "^ 
the adjoining dia- 
gram) is the line AB ; or, if i/ be the bisection of AB, 
is double AM^ the half line. AM or BMis then half 
the sum of the segments. Also, if ^Q be taken equal 
to BOy then QO will be the difference of the segments, 
and ilf will be also the bisection of QO, Therefore 
MO islmlfthe difference of the segments. 

In external section the difference of the segments 
AO, BO (as in the lower figure of the same diagram) 
is the* line AB ; or, if M be the bisection of AB, is 
double AM, the half line. AM or BM is then half the 
difference of the segments. Also, ii AQ be taken to 
the left from A equal to BO, then QO will be 
the sum of the segments ; and M will also be the 
bisection of QO, Therefore, AlO is half the sum of 
the segments. 

The following principle, which places this subject 
in another point of view, and will be applied to some 
of the immediately following theorems, is worth 
knowing. It may be termed — 



THE PRINCIPLE OF INTERNAL AND 
EXTERNAL CONVERSION. 

The relations of magnitude of the segments of a 
line bisected and cut externally may be reduced to 
those of a line bisected and cut internally ; and, vice 

G 
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vej^sd, the relations of magnitude of the segments of a 
line bisected and cut internallj may be reduced to 
those of external section. 

Let AB (in the lower figure of the diagram) be bisected at M 
and cut externally at O. Then, if ilQ be taken to the left from 
A equal to the external segment, BO^ the line QO becomes the 
sum of the segments AO and BO, and is divided at A internally 
into segments AO, AQ, equal to the external segments, AO, 

BO, of AB, The 
jj^ Q ^ ^ jj point ilf, the bisec- 

tion of AB, becomes 
thus also the bisec- 
f^ tion of QO, and MO 

Q yi * Q and MQ become 

each the half sum of 
QA and OA, and, therefore, of ^40 and BO. Also, AM or BAT 
becomes the half difference of OA and QA, and therefore of AO 
and BO. The relations, therefore, between A O, BO, MO, and 
MA are those of OA, QA, MO, and MA of QO, cut internally at A. 
Similarly, by taking ilQ to the right of A (as in the ^pper 
i\gure), equal to BO in the case of a line AB, bisected at M and 
cut again internally at 0, the lines QB and OB become the ex- 
ternal segments of QO cut externally ; and MA and MB become 
each their half sum and MQ and MO each their half difference. 

The followingr theorems of Euclid on divided lines 
immediately follow from the principles so far estab- 
lished. The mode of statement and the terminology 
are altered. 

10. If a Line he Bispcted and Cut again Internally^ 
the Rectangle under the Unequal Segments is equal to the 
difference of the squares of tlie half line and inter- 
mediate segment, ' (Euclid, Book II. 5.) 

Let AB be the line (upper figure) bisected at M and cut 

again internally at 0. Then 
>^ ^ _ the segments AO and BO are 

^ two lines together forming a 

sum AB, and MA is their half 
^ 1^ g ^ sum and MO their half differ- 
ence. But {Jby Theor. 9) the 
rectangle under any two lines is equal to the difference of the 
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sqaares of half their sum and half their difference. Therefore 
the rectangle under AO and^O is equal to the difference of the 
squares of the half line MA and intermediate segment iliO, 
as stated. 

This may also be proved from Theorem 6 ; for, AM and MO 
being two lines, AO and BO are respectively their sum and 
difference. Therefore, since, by that theorem, the difference of 
the squares of two lines is equal to the rectangle under their 
sum and difference, the difference of the squares of MA and MO 
is equal to the rectangle under AO and BO, 

11. If a Line be Bisected^ and also Cut Externally^ 
the Rectangle under the Eatemcd Segments is equal to the 
difference of the squares of the intermediate segment and 
half line. (EuCLiD, Book II. 6.) 

Of this theorem three proofs may be given. 

1. It maybe reduced by the principle of Internal and External 
Conversion, above enunciated, to the last theorem. 

2. Or proved thus : — The external segments -40, BO (lower 
figure) being two lines, MO id their half sum, and MA their half 
difference. But the rectangle under two lines {Theor. 9) is 
equal to the difference of the squares of their half sum and 
half difference. Therefore, the rectangle under AO and BO is 
equal to the difference of the squares of the intermediate 
segment MO, and half line MA^ as stated. 

3. Or proved by Theorem 6. MO and MA being lines, their 
sum is ^0 and their difference BO. But the difference of the 
squares of two lines (Theor. 6) is equal to the rectangle under 
their sum and difference. Therefore, the difference of the squares 
of MO and MA is equal to the rectangle under AO and BO^ as 
stated. 

12. If a Line he Bisected and Cut again Internally , 
the Sum of tlie Squares of the Unequal Segments is double 
the sum of tJie squares of the half line and intermediate 
segment. (EucuD, Book II., 9.) 

J^et AB (in the upper diagram) be bisected at M and cut again 
internally at O. Then, the 
segments A and BO are two /i ^ 

lines together' forming a sum ^ ° 

AB, and MA is their half 

sum, and MO their half differ- ^ ^ g q 

ence. But the sum of the 

squares of any two lines {Theor. 8) is equal to double the sum of 

G 2 
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the squares of their half sum and half dilference. Therefore, the 
sum of the squares of ^10 and BO is equal to double the sum of 
the squares of the half line MA and intermediate segment MO^ 
as stated. 

13. If a Line be Bisected and Cut also Externally^ the 
Sum of the Squares of the External Segments is double the 
sum of the squares of the intermediate seffment and Iialf 
line. (Euclid, Book II., 10.) 

Of this theorem two proofs may be given. 

1. It may be reduced by the Principle of Internal and External 
Conyersion, aboye enunciated, to the last theorem. 

2. Or proved thus: — The external segments, AO^ BO, being 
two lines, MO is their half sum, and MA their half difference. 
But the sum of the squares of any two lines {Theor. 8) is equal 
to double the sum of the squares of their half sum and half 
difference. Therefore, the sum of the squares of AO and BO is 
double the sum of the squares of the intermediate segment MO 
and half line MA, as stated. 



The next subject is that of squares on the sides 
of triangles and other lines connected with them, 
and squares and rectangles connected with circles. 
We commence with the right-angled triangle, the side 
of which opposite the right angle is usually termed 
" the hypotlienuse," the other two being simply named 
^^ the sides." The celebrated theorem of Pythagoras 
claims the first attention. 

14. Th£ Square of tlie Hypothenuse of a Right- 
Angled Triangle is equal to the sum of the squares of 
the sides. 

Let ACB be the right-angled triangle, AB its hypothenuse, 
and i4i4j, BB^, and AA^ the three squares. Let, also, CPP^ 
be the pei^endicular from C to both AB and A,B^ ; and AC^ 
and AX! joining lines. Then, the angles ABa^ and CBC^, 
being ooth right angles, are equal. Add to both the angle 
ABC, \a.nd the angle ^^^C is equal to^^C^. Also, the sides 
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A B and CB are equal reapectivelj to AB and r,S. Therefore 
{Theor. 9, Chap. III.) the remaining 
sideB ACj and A^C of the triangles 
ABC, and ^^C are equal, and 
their areas CTkenr. 1, Chap. IV.} 
also equal. But the triangle ABC, , 
being on the base BC„ and be- 
tween the parallels AB.. and BC,, 
is (Tfcor. 8, Chap. IV.) half the 
square £S, in area; and /4j£C, 
being on the base A^B and between 
the parallels CP^ and A^B, is like- 
wise half the rectangle Bf,. 
Therefore the square BB^b equal 
in area to the rectangle £P., each 
being double the equal triangles. 

In like manner, it may be proved that the square AA^ is equal 
to the rectangle AP^ ; and, therefore, the sum of the squares 
X.4, and BB„ being equal to the Bum of the rectangles AP^ and 
BP,, is equal to the square -4-4., (w stated 

Another Proof. — Let ACB be the right-angled triangle, AB 
the hypothenuse, and ABA.B, the 
square on AB. Also, let .4,Pand 
B,D be perpendiculars to the direc- 
tive DAC; and BjD^ and BC^ be 
parallels to DAC. Then, in the 
triangle marked 3, its sides are 
parallel to those of triangle 1 ; and 
Its angles therefore equal to those 
of 1. In the triangles 2 and 4, 
their sides being peipendicular to 
those of 1, their angles {Thew. 6, 
Chap. I.) are also respectiTely equal 

to the angles of 1. All four triangles therefore are nghl- 
angled and equiangular. Their hvpothentues also are equal, 
being the sides of the square on AB and therefore the four 
triangles are equal altogether. Also since B D a equal to 
B^D„ the rectangle DD is the square ol B D or of AC and, 
since BC, is equal to BC, the rectangle CC is the square of 
BC. 

Now, take from the whole figure DCBA B, the tnanglesland 
2 ; the remainder is the square of the hypothenuse AB. Take, 
again, the equal triangles 3 and i from the same figure, and the 
remainder ia the sum of the two squares of AC and BC. TTie 

Snare of AB is therefore equal in area to the sum of the squares 
-4C and BC, as .tialed. 
By the aid of this demonstEation the square on AB can be cut 
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by a scisaors so that the triaDgleB 3 and 4, with the shaded 
figure AB^D^C^By may make up the two squares, DD, and CCj, 
of the sides ; or, vice versa, the two squares, placed side by. side 
in one piece of cardboard, may be cut so into the two triangles 1 
and 2 and the shaded figure that, on placing 1 and 2 over 3 and 4, 
the square of the hypotbenuse may be produced. 

From the first demonstration of this theorem the following 
corollaries (equivalent to leading theorems) are derived : — 

Cor. 1. TVie square of either side of a right-angled triangle is 
equal to the rectangle under the hypothenuse and its segment 
adjacent to that side made by the perpendicular from the right 
angle. For it is there shown, that the square on BC is 
equal to the rectangle BP^, But the rectangle BP^ is the 
rectangle under A^B, or ABy and the adjacent segment BP 
of the hypothenuse, as stated. 

Cor. 2. The square of the perpendicular from the vertex of a right- 
angled triangle upon the hypothenuse is equal to the rectangle 
under the segments of the hypothenuse made by the perpendicular. 
This is a consequence of the preceding corollary. The 
squares of CP and BP together are equal to the square of 
BC. But the square of BC is (as just proved) equal to the 
rectangle AB-BP, which {Theor. 2) is equal to the square 
of BP with the rectangle AP-BP. Take the square of BP 
from both ; and the square of CP remains equal to the 
rectangle AP'BP^ as stated. 

Col?. 3. The difference of the squares of the sides of a triangle 
is equal to the difference of the squares of the segments of the base 
made by the perpendicular from the vertical angle upon the 

base. Let ACB be the triangle 
and CO the perpendicular. Then, 
the square of AC is equal to the 
sum of the squares of AO and 
CO. Also, the square of 5 C is 
equal to the sum of the squares 
of BO and CO. Therefore, since 
the square of CO is common to both squares, the 
difference of the squares of AC and BC is equal to the 
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difference of the squares of the segments AO and BO, as 
stated, 

15. The Difference of the Squares of the Sides of a 
Triangle is equal to Double the Rectangle under the Base 
and tlie Segment intercepted between tlie bisection of the 
base and the foot of tlie perpendicular from tlie vertical 
angle on the base. 

Let ACB be the triangle, CO the peipendicukr from C upon 
the base AB^ and M the bisection of the 
base. Then, since (Cor, 3, last Tfieor,) ^c 

the difference of the squares of ^IC and y 

BC is equal to the difference of the squares / 

of ^O and BO, it is equal (Theor. 6) to the X 

rectangle under the sum and difference /^ 

of AO and BO, But AB is the sum of ^ . ^ \ 

AO and BO, and double MO is their diffe- ^ mob 

rence, as shown in the explanations already 
given on the sections of lines. The difference of the squares of 
AO and jBO is therefore equal to a rectangle under AB, and 
double MO, that is, to two rectangles under AB and MO, 
as stated, 

16. The Square of the Side Subtending the Obtuse 
Angle of a Triangle is equal to the sum of the squares 
of the two other sides ^ vrith double the rectangle 
under either of these sidesj and tlie external segment of 
that side made by the perpendicular from the opposite 
angle. 

Let ACB be the triangle, AB the side opposite the obtuse 
angle C, and BO the perpendicular 
from B ovi AC, cutting it exter- 
nally at O, Then, the square of 
AB is equal to the sum of the ^y^ 

squares {Theor, 14) of ^O and BO, ^^ 

But the square of ^0 (T'Acot-. 3) is ^^y*^ . 

equal to the sum of the squares of -^^^ / 

A C and CO, with double the rect- ^ c »^ 

angle under -40 and CO, But the 
squares of BO and CO are together equal to the square of BC^ 
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Hence, the square of AB is equal to the sum of the squares of 
AC a.nd BC, with double the rectangle under ^Cand the external 
segment CO, as stated. 

17. T/ie Square of a Side Subtending an Acute Angle 
of a Triangle is less than the sum of the squares of the 
other txoo sides ^ by double the rectangle under eitlier of these 
sides and the internal segment of that side made by the 
perpendicular from the opposite angle. 

Let ACB be the triangle in either figure, and AB the side 

opposite the acute angle C 

^ ^ Then, the square of AB is 

^ equal (Theor. 14) to the sum 

\^ of the squares of BO and AO. 

i \. But AO is the difference 

\ >y of AC and OC, Its square, 

\ X therefore, is equal (TAeor. 5) to 

A o C O A C the sum of the squares of ^C 

and OC less by two rectangles 
under AC and OC. But the sum of the squares of BO and CO 
is the square of BC. Therefore, the square of AB is equal to 
the siun of the squares of AC and BC less by double the rectangle 
under AC and the internal segment CO, as stated. 

It should here be observed that in the right-hand figure the 
segment OC is still considered internal, though its extremity O 
is outside AC ; the reason being, that it lies within the angle C, 
whereas, in Theorem 16, the corresponding segment OC lies 
outside and away from the angle C of the triangle. 

18. If the Square of One Side of a Triangle be equal 
to the Sum of the Squares of the other Two Sides, the 
angle opposite that side is a right angle. 

This follows immediately from the two preceding theorems. 
For, if the angle be not right, it must be either obtuse or acute. 
If it be obtuse, the square opposite that angle (Theor. 16) must 
be greater than the sum of the squares of the other two sides, 
which is contrary to the supposition made. If it be acute, the 
square opposite that angle must (Theor. 17) be less than the sum 
of the squares of the two other sides, also contrary to supposi- 
tion. Since, therefore, the angle can be neither obtuse nor 
acute, it must be a right angle. 

Euclid's direct proof of this proposition is so simple that it is 
worth being known. 
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Let ACB be the triangle, and AB the side, the square of which 
is equal to the sum of those of the 
other two sides, AC and EC. Let, 
also, A^Che equal to -4C, but per- 
pendicular to EC at C. Then, since 
A^CB is a right angle, the square of 
A^Ev& equal {Tkeor. 14) to the sum 
of the squares of A^C and EC, It is 
therefore, by the construction, equal 
to the sum of the squares of ilC 
and EC; that is, to the square of AE. But equal squares (Theor. 
12, Chap. IV., Converse) have equal sides ; therefore -4 ^-B is equal to 
ABj and the two triangles ACB and A^CE have their three sides 
equal respectively. Therefore the angle opposite AB is (Theor. 8, 
Chap. III.) equal to that opposite A^. But the latter angle is 
a right angle. Therefore ACB also is a right angle, as stated. 

19. In an Isosceles Triangle the Difference of the 
Squares of either of the Equal Sides^ and Any Line 
drawn from the Vertex internally or externally to the 
base, is equal to the rectangle under the segments of the 
base made by the line drawn. 

Let ACB be the isosceles triangle; Cilf the perpendicular 
from the vertex C on the base, 
bisecting it at M; and CO and COj c 

two lines from C, meeting the base 
AB, one internally at O and the 
other externally at O^ There are 
thus two cases, internal and ex- 
ternal section of AE. 

First Case. — The line CO, being 

within the triangle, the difference 

of the squares of -4C and CO is A Ai o B O/ 

equal (r^eor. 14, Cor. V\ to the 

difference of the squares oi AM and MO. But this difference of 
'squares is CTheor. 6) equal to the rectangle under the sum and 
difference oi AM and MO. But the sum of AM and MO \& AO ; 
and their difference is the difference of EM and MO, that is, to 
BO. Therefore the difference of the squares oi AC and CO is 
equal to the rectangle AO-BO, as stated. 

Second Case. — The line CO^, being without the triangle ACB, 
it divides the base externally at O^ into the segments AO^^ and 
BOy But the difference of the squares of CO^ and ^C is equal 
{Theor. 14, Cor. 3) to the difference of the squares of MO^ and 
AM; that is (Tkeor. 6) to the rectangle under the sum and 
difference of MO^ and AM. But the sum of MO^ and AM is the 
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segment AO; and the difference of MO. and AM is equal to the 
difference of MO^ and BM, that is, to tne external segment BO^, 
The difference of the squares of CO^^ and ^Cis therefore equal 
to the rectangle AO^-BO^, as stated. 

20, T/ie Sum of the Squares of the Two Sides of a 
Tinangle is equal to double the sum of the squares of tlie 
half base and bisector from the vertical angle of the base. 

Let ACB be the triangle ; CM the bisector at 3f of the base 

AB, and CO the perpendicular from 
the vertex C on the base. Then, the 
square of AC opposite the obtuse angle 
AMC is equal (I'Jieor, 16) to the sum 
of the squares of AM and MC, with 
double the rectangle under AM and 
MO. In like manner, the angle BMC^ 
being acute, the square of BC is equal 
{Theor. 17) to the sum of the squares 
of BM and 3/C, less by two rectangles 
under BM and MO. But BM is equal 
to AM; and the rectangles AM' MO 
and BM'MO are equaL Therefore, as the square oi AC ex- 
ceeds the sum of the squares of AM and MC by two rectangles, 
and the square of BC falls short of the sum of the squares of 
AM and MC by the same two rectangles, the sum of the squares 
of i4C and BC must be eqiial to the sum of two squares of AM 
and two squares of MC^ as stated. 

21. The Rectangles under the Segments of Tico Chords 
which intersect Within a Circle are equal in area; and 
each equal to the square of the semichord of tfudr point of 
intersection. 

Let the chords be AB and A^B^, meeting at ; and suppose 

the centre R of the circle joined with 
O and with the extremities, A, B, 
^j, B.y of the chords. Then, since 
ARB IS an isosceles triangle, and RO 
a line drawn from its vertex R to O 
within its base AB, the rectangle 
under AO and BO is equal (Theor. 19) 
to the difference of the squares of RA 
and RO. In Hke manner, in the isos- 
celes triangle, AfiB^, the rectangle 
A^O'B^O is equal to the difference of 
the squares of RA^ and RO. But RA 
and RA^y being radii, are equal; and the differences of their 
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squares and that of RO are equal. Therefore, the rectangles 
AO'BO and Afi-Bfi are equal, a* stated. 

These rectangles are, moreover, equal each to the square of 
the semichord of the point 0.* For, if MN be a chord of the 
circle perpendicular to i?0, it is bisected (Theor, 2, Chap, II.) 
at by the perpendicular RO on it from the centre R ; and its 
half, MO or NO, is the semichord of O. But, since the triangle 
MOR is right-angled at 0, the square of MO is {Theor. 14) equal 
to the difference of the squares of MR and RO, that is, to the 
difference of the squares of the radius and RO* But this differ- 
ence of squares has been proved eqiial to the rectangles AO'BO 
and A^O'B^O; and therefore both rectangles are equal to the 
square of the semichord MO, as stated. 

In the particular case when one of the chords through be- 
comes the diameter CORC^ ; since CC^ is bisected at R and cut 
unequally at O, the rectangle CO'C^O under the unequal seg- 
ments is equal (Theor. 10) to the difference of the squares of the 
hfljf line RC and the intermediate part RO, or of RM and RO, 
and therefore equal to the square of the semichord MO, as 
stated. 

22. 1/ Two Chords of a Circle Intersect Externally ^ 
t/ie rectangles vnder tlieir segments are equal; and each 
equal to tlie square of either tangent to the circle from 
tlieir point of intersection. 

Let the chords be AB and A^B^ meeting externally, or outside 
the circle, in 0; and let the 
centre R be supposed joined 
with O and with the points 
A, B, A^, B^. Then, ARB 
being an isosceles triangle, 
the rectangle AO'BO is 
(Theor. 19, Case 2^ equal to 
the difference of tne squares 
of RO and RA. In like man- 
ner, the rectangle A^O-BA) is 
equal to the d&erence of the 
squares of RO and RA^. But RA and RA^, b.eing radii, are 
equal ; and the differences of the square of RO and their squares 
are equal. Therefore, the rectangles AO'BO and A^O'B^O are 
equal, as stated. 

These rectangles are also equal each to the square of the 

* See Appendix, Note 5. 
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tangent to the circle from O, For, 07^ being the tangent, and 
RT the radius to its point of contact, the triangle OTR ( Theor. 
15, Chap, IL) is right-angled; and the square of OT^ conse- 
quently {Theor. 14), is equal to the difference of the squares of 
RO and RT; that is, of RO and the radius RA, or {Them-. 19) 
to the rectangle under AO and BO^ as stated. 

In the particular case when the chord CC^ through O passes 
through the centre R^ the line CC. being bisected at R and cat 
externally at O, the rectangle OC'OC^is equal (Theor. 11) to the 
difference of the squares of OR and RC, that is, as in the case of 
the other chords, the difference of the squares of RO and of the 
radius, that is, to the square of the tangent OT. 

23. Jff' from a Point Outside a Circle two lines be 
drawn to it, one a Secant and tlie otiier meeting but not 
cutting the circle^ so that the square of the meeting 
line be equal to the rectangle under the segments of the 
secant y tJie line so meeting is a Tangent to the circle. 

Let 12 be the circle, and OBA the secant from the point O, 

and or the line meeting but not 
cutting the circle, and RT a 
radius. Then, since the rect- 
angle OA'OB (last Theor.) is 
equal to the difference of the 
squares of OR and of the radius, 
the square of OT must be equal 
to the difference of the squares 
of OR and RT; or the square of 
OR be equal to the sum of the 
squares of 02' and RT. The 

triangle OTR must therefore (Theor. 18) be right-angled at T; 

and, therefore, 07* be a tangent, as stated, 

24. ^ Two Lines so Intersect ea^h other j Internally or 
Extemxilly^ that t/ie Rectangles under their Segments are 
Equal J the four extremities of the lines lie on a circle. 

Let AB &nd A^B^ be the two lines cutting each other (as in Fig. 1) 
internally, and (as in Fig. 2) externally, at 0. Also, let MRy 
M^R be perpencUculars to AB and A^B^ at their points of bisec- 
tion, M and M^, meeting in the point R. Suppose, then, R 
joined with O, and also with the extremities, /4, B, A^y -Bj, 
of AB and A^B^, Then, since AB and A^B^ are bisected 
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at M and M^j and MR and M^R are perpendiculars to AB and 

A^B^, the triangles ARB 

and AJiB^ are (Theor, 3, 

Chap, II Ly Converse) both 

isosceles. Hence, the 

rectangles AO-BO and 

AJp'B^O are equal 

(Theor, 19) respectively 

to the difiference of the 

squares of AR and 0/2 




Fig. 2. 



Fig. 1. 

and il^i2 and OR, But these rectangles are, by supposition, 
equal. Therefore, the difference of the squares of AR and OR 
and A^R and OR are equal ; and, consequently, AR (which is 
equal to BR) is equal to AJR. and B^R, The four lines RA^ 
RBj iMj and RB^ are thus all equal to each other, and become 
radii of a circle with R as centre, which may be drawn through 
the four points A, Bj A^, B^^ as stated. 

N.B, — The student should obserre that this proof applies to 
both cases of section ; but that, in internal section, the rect- 
angles are equal to the difference of the squares of RA and RO ; 
whereas, in external section, they are the difference of the 
squares of RO and RA, RO being then greater than RA. 

25. The Tangents to two Intersecting Circles from any 
external Point on their Common Chord are equal ; and 
tJie common chord divides the line joining their centres 
into segments J the difference of the squares of which is 
equal to the difference of the squares of .the radii. 

Let R, R, be the two circles, and AB the common chord pro- 
duced to ; and OT and OT^^ 
the tangents from O, Then, 
since OT is a tangent to the 
circle R, its square (TAcor. 22) 
is equal to the rectangle AO-BO, 
Also, since 07\ is a tangent to 
the circle R^, its square is equal 
to the rectangle AO-BO, The 
squares being equal, the tan- 
gents OT and OT^ are therefore 
equal, as stated. 

Further, since the chord AB 
(Theor. 6, Chap, II.) is perpendicular to RR,, in the triangle 
RBRy the difference of the squares of the radii RB and R^B is 
equal (Theor. 14, Cor, 3) to the difference of the squares of 
RQ and Rfy the segments of RR^, as stated. 
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26, If a Perpendicular he drawn from t/ie vertex of a 
right-angled triangle to tlie Hypothenuse^ dividing it into 
segments, the Rectangle under Either Side and the Per- 
pendicular is equal to the rectangle under the otlier side and 
the opposite segment of the hypothenuse. 

Let ACB be the right-angled triangle, C being the vertex of 

the right angle, and CP the perpen- 
dicular from C on the hypothenuse 
AB^ dividing it into the segments AP 
and BP, Then it is required to prove 
the rectangles ACCP and BCAP 
equal. Let PC be supposed produced, 
so that CA^ be equal to CA ; and let 
A^P^ be . the perpendicular from A^ on 
BC produced. Then, since the angles 
at P and P^ are right angles, and the 
legs of each pass tiiroush B and A^, 
a circle with BA^ as diameter muse 
pass through P and P^. But BP^ and PA^ are two chords of 
this circle intersecting at C Therefore (Theor, 21) therectanale 
under A^C and CP is equal to the rectangle under BC and C?j. 
But, by construction, rectangle A^C-CP is equal to rectangle 
AC'CP, Also, since the triangles ^iP^O and APC are right- 
angled, and have A^C equal to AC, and tne angle P^CA^ (which 
is equal to BCP vertically opposite) equal to angle PAC, the two 
triangles are altogether equal ; and PA is equal to P^C, There- 
fore the rectangle BCP^C is equal to BC, AP. But BCP^ C is 
already proved equal to AC'PC, Therefore the rectangle under 
AC and CP is equal to the rectangle under BC and AP, as 
stated. 
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PROBLEMS. 



The problems in this chapter are important, haying an exten- 
sive range of application without recourse to ratio or proportion. 
The simplest are the three which immediately follow : — 

1. To fold a square equal to the sum of two given squares. 

Place AB and AC (Fig, 1), the sides of the two giyen squares, 
so that they be at right angles to 
each other at A, Then, on join- 
ing B with C, the triangle ABC is 
right-angled at A ; and therefore 
(Theor. 1 4) the square of BC is 
equal to the sum of the squares of 
AC and AB; and the square on 
BC is the required square. 




Fig.l. 



Fig. 2. 



Cor. 1. Hence a square may be found equal to the sum of any 
number of given squares : first, by making (as above) two 
of the squares into one ; and then making that square and 
a third into one equal to the sum of the three squares ; and 
so on, making four squares into one, and five, &c., until all 
the squares are made into one square. 

2. Tojind a square equal to the difference of two given squares. 




equal to the side of the greater square. Then, since the triangle 
A^B^C^ is right-angled at B^, the square of A^C^ is equal (Theor. 
14) to the sum of the squares of A,B^ and C^B^ ; and consequently 
the difference of the scjuares of the given Imes A^C. and A^^B^ is 
equal to the square of B^Cy The square on B.C^ is therefore 
the required square^ equal to the difference of the two given 
squares. 

Cor. 1. Hence a square may be constructed equal to the sum of 
any number of given squares less by the sum of any other 
number of given squares, by making the two sums into two 
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separate squares by Problem 1 ; and then, by Problem 2, 
finding a square equal to the difference of these two 
squares. 

3. To cojistruct a square equal in area to a given rectilineal Jigure. 

Construct first {Frob, 3, Chap. IV,) a rectangle ABA^B^^ equal 

to the given figure. Produce AB then 
to C, so that BC be equal to BA^, and 
bisect ^ C at i?. Next, with R as centre 
and RA as radius, describe a circle. 
This circle will pass through A and C. 
Produce A^B to meet the semicircle on 
^C at Z>. The square constructed on 
BD will be the one required. 

For, since ^C is bisected at R and 
cut again internally at B, the rectangle 
under AB and BC is equal (Theor. 10) 
to the difference of the squares of BA and RB. But RA is equal 
to RD. Therefore the rectangle AB-BC is equal to the differ- 
ence of the squares of RD and RB^ that is, equal (Theor, 14) to 
the square of BD. But the rectangle AB-BC is equal (by con- 
struction) to the rectangle AA^. Therefore the square on BD is 
equal in area to the given rectilineal figure, as required. 

The above problems are of importance in connection with 
those which immediately follow ; and, generally, as to all which 
involve the relations of squares and rectangles described on lines 
and on their sums and differenees, also on the segments of lines 
divided equally and unequally. 

The student, when he reads of the sums a,nd differences of lines, 
and of the squares or rectangles constructed on them, and on 
their sums and differences, is apt to imagine that this addition 
and subtraction may be performed by a purely arithmetical pro- 
cess, numerical values being attached to the lines. The solutions 
may thus be had ; but they are not geometrical solutions. Pro- 
blems in Pure Geometry are supposed, as the Postulates demand, 
to be solved by the Rule and Compass ; and, to be truly geome- 
trical solutions, they must so be solved. For example, the ^^ sum 
of two squares '' means, geometrically, a rectangle formed by con- 
structing (Probs. 2 and 3, Chap. IV.) externally on a side of one 
of the squares a rectangle equal to the other square, the result 
being a single rectangle equal to their sum ; or (Proh. 1) making 
directly a square equal to the sum of the two squares. So, like- 
wise, the difference of two squares is the rectangle obtained by 
constructing on any side of the greater square inwardly into the 
square a rectangle equal to the less square. The remainder, the 
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difference of the two rectangles, is a, rectangle equal to the differ- 
ence of the squares. Or the difference may be found by {Proh. 2) 
making directly a square equal to the difference of the two 
squares. And, geometrically, the same holds good of every 
other addition of squares and rectangles. 

In like manner, the terms "multiplication" and "division" 
may be used in a geometrical sense. The multiplication of two 
given lines would mean the constructing, by Rule and Compass, 
a rectangle out of two given lines, the area of which may be 
considered the geometrical product. And " division " would 
mean the constructing on a given line, which takes the place of a 
geometrical ** divisor," a rectangle equal to a given area, which 
becomes the " dividend ; '* the other side of this rectangle being 
then the geometrical "quotient." The terms are conventional, 
but, being based on an analogy, are convenient. 

Such is the nature of a geometric solution of a problem. But 
the student of geometry is not obliged, in an Elementary 
Treatise on Geometry, actually to perform all these construc- 
tions. All that is required is, that he should understand and 
know them ; and be able, should he be called on, actually to 
solve by Rule and Compass a problem which ho has learned. 
Above all things he should avoid the mistake of considering an 
arithmetical or algebraical solution geometrical. 

The next problems to be considered are those which relate to 
squares and rectangles on lines, their sums and differences ; and 
ako to the squares and rectangles connected with the segments 
of divided lines. 

In the problems on lines, as such, there are five magnitudes 
involved. They are — 

1. The Sum of the lines. 

2. Their Difference. 

3. The Rectangle under them. 

4. The Sum of their Squares. 

5. The Difference of their Squares. 

These magnitudes, combined in pairs, give the ten problems 
which next follow.. For sake of simplicity the magnitudes given, 
when they are areas, are supposed to be given in the "form of 
squares or rectangles. When given in other forms, rectilineal 
figures of many sides, these figures can be reduced {Prohs, 2 
and 3, Chap, IV.) to rectangles. 

In the problems on Divided Lines, the magnitudes involved are 
the segments, internal or external, and the half line and inter- 
mediate part, as already explained. The constructions, therefore, 
to be made in the ten problems mentioned apply to these so far 

H 
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as they correspond. But, in the cases of divided lines, one of 
the data is the line itself, which is either the sum or difference of 
the segments, according as the line is cut internally or externally. 
Hence, any of the ten problems which do not involve either a 
sum or a difference of lines are iuapplicable to the cases of divided 
lines. This reduces the problems of divided lines to six, viz. : — 

1 and 2. To cut a line, internally or externally, so that the 

rectangle under its segments be a given magnitude. 
3 and 4. To cut a line, internally or externally, so that the 

sum of the squares of the segments be a given magnitude. 
5 and 6. To cut a line, internally or externally, so that the 

difference of the squares of the segments be a given 

magnitude. 

Each of these six problems will be considered under the 
heading of the problem of the ten to which it corresponds. 

4. Given the sum and difference of two lines, to find the lines. 

Let AAj^ and BB^ be the given sum and difference of the lines. 

Bisect AA^ at M and BB^ at iV. 
,- — -^ Then AM is half the given sum, and 

\ jBiV half the given difference. With 

M, then, as centre, and a distance 
3f 0, equal to BN as radius (Prob, 
3, Chap. II.), describe a circle cut- 
ting ^^^ at O and 0^. Then AO 
and Aj^O are the required lines. . 

For, AM being the half sum, and 
MO the half difference, AO is 
iTheor. 1) the greater line, and A^O or AO^ the less line ; and 
the two lines are therefore determined. 

^. Given the sum of two lines, and the rectangle under them, to find 
the lines. 

Bisect the given sum of lines, and on its half sum AB con- 
struct a square ABB^A^, Then 
construct inwardly, on the side BB^ 
of this square, a rectangle BOO^B, 
(Pi-obs. 2 and 3, Chap, IV.) equal 
to the given rectangle. The differ- 
ence between the square AB^^ and 
this constructed rectangle, namely, 
the rectangle i4 Op is then (Theor.9) 
equal to the square of the half 
difference of the required lines. 
Make, then, the construction {Prob. 3), taking -4^C\, equal to 
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A^O^, aad describing a semicircle on AC^ for finding a square equal 
to the rectangle u4(>. ; and A.D^, the side of the square so found, 
will be the half difference oi the lines. Their half sum and half 
difference being thus known, the lines are determined. 

Segments. — To divide a given line internally so that the rect^ 
<ingle under its segments he a given area. This is the same problem 
as above ; the segments required being two lines, the sum of 
which is given, and the rectangle imder them also given. 

^. Given tJie difference of two lines, and the rectangle under tltein^ to 
find the lines. 

Using the same diagram as before, let AB be now the half 
difference of the lines, and ABB.Aj^ the square on AB. Con- 
struct, then, outwardly, on the side BB^ of this square a rect- 
■angle BQQ^B^ equal to the given rectangle. The sum, then, of 
the square AB^ and this constructed rectangle, namely, the 
rectangle BQ^, is (TJieor. 9) equal to the square of the half sum 
of the required lines. Make, then, the construction (Proh, 3), 
taking Q^C equal to QQ^^ and describing a semicircle on il^C, for 
binding a square equal to the rectangle AQ^ ; and Q^Z>, the side of 
the square so found, will be the half sum of the required lines. 
The half sum and half difference of the lines being thus known, 
the lines are determined. 

Segments. — To divide a line extemalfy^ so that the rectangle 
tinder its segments he a given area. This is the same problem as 
above ; the segments required being two lines, the difference of 
which is given, and the rectangle under them also given. 

7. Given tlie sum of the squares of two lines^ and tJie difference of 
their squares, to find the Unes, 

Let ABB^^ be half the rectangle equal to the given sum of 
squares. Then construct on the 
side BB. of this rectangle, both 
outwardly and inwardly, rectangles 
OB^ and QB^ equal to half the 
^ven difference of squares. The 
sum AQ^ of these rectangles is, then 
{Theor. 7), equal to the greater 
square ; and their difference AO,\a 
equal to the less square. Make, 
then, the constructions [Proh, 3) for 
converting these rectangles into 
squares, taking Q^C equal to Q^Q, and A^C, equal to A^O^^ and 
describing the two semicircles on A^C ana AC^\ and the lines 
DQ^ and D^A^ are the two required lines. 

H 2 
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8. Given the sum of the squares of two lines, and the rectangle under 
them, to find the lines. 

Using the same figure, let now the rectangle ABB^A^ be the 
given sum of squares of the required lines. Construct, then, 
both outwardly and inwardly on the side BB^^, two rectangles 
BQ^ and BO^ each equal to double the girenTectangle. Then 
the rectangle AQ^ia equal to the sum of the squares of the lines 
with two rectangles under them, and is therefore equal (Theor. 3) 
to the square of their sum. In like manner, the rectangle AO^^ 
is equal to the sum of the squares of the required lines less by 
double the rectangle under them, and is therefore (Theor, 5) 
equal to the square of their difference. Make, then, the con- 
structions (Prob. 3) for converting these rectangles into squares, 
taking Q^C equal to QjQ, and^^C^ equal to A^O^, and describing 
the two semicircles on A^C and AC^^; and the lines jDQ, and 
D^A^ are respectively the sum and difference of the required lines. 
The sum and difference of the lines being thus known, the lines 
are determined. 



9, Given the sum of two lines; and the sum of their squares, to find 
the lines. 

Bisect the rectangle given equal to the sum of squares of the 

required lines ; and let ABB^A^ be 
the half rectangle. Construct, 
then, on the side B^B inwardly a 
rectangle BO^ equal to the square 
of the half given sum of lines. 
Then the rectangle AO^ is (Theor. 
8) equal to the square of their half 
difference. Make, then, the con- 
structions (Prob. 3) for converting 
this rectangle into a square, taking 
A^C^ equal to A^O^, and describing 
a semicircle onAC^', and the perpen- 
dicular jDjJj on AC^ is the half difference of the lines. Their 
half sum and half difference being thus both known, the lines are 
determined. 

Segments. — 7h divide a given line internally, so that the sum of the 
squares of the segments be a given magnitude. This is the same 
problem as the above in another form. The given line being 
required to be cut internally, the sum of its segments is that line. 
Therefore the segments are two lines, the sum and sum of squares 
of which are given. 
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10. Given the difference of two lines, and the sum of their squares^ 
to find the lines. 

Using the same figure, bisect the rectangle given equal to the 
fium of squares of the required lines ; and let ABB^A^ be the 
lialf rectangle. Construct on the side BB^^ inwardly, a rectangle 
QB^ equal to the square of the half given difference of lines. 
Then the rectangle AQ^ is (Tlieor, 8) equal to the square of their 
half sum. Make, then, the constructions (Proh, 3) for convert- 
ing this rectangle into a square, taking A^C equal to A^Q^, and 
describing a semicircle on ^C; and the perpendicular 7)^ j on AC 
is the half sum of the lines. Their half sum and half difference 
being thus both known, the lines are determined. 

Segments. — To divide a given line externally, so that the sum of 
tJie squares of the segments he a given magnitude. This is the same 
problem as above in another form. The given line being cut 
externally, the difference of the segments is that line. There- 
fore, the segments required are two lines, the difference of 
which, with the sum of their squares, are given. 

11. Given the sum of two lines, and the difference of their squares, to 
find the lines. 

Let AB be the given sum of the required lines. Construct on it 
•(Prohs. 2 andS, CJiap. /F.) a rectangle, 
ABA^B^, equal in area to the rect- 
angle given equal to the difference 
of the squares. The side BA^ of 
this rectangle, adjacent to AB, is 
then (Theor. 6) the difference of the 
required lines. The sum AB, and 
the difference BA^ of these lines 
being thus known, the lines them- 
selves are determined. 

Segments. — To cut a line internally, so that the difference of the 
squares of the segments be a given magnitude. This is the same 
problem as above in a different form. The given line being cut 
internally, that line is the sum of the segments. Therefore, the 
•segments required are two lities, the sum of which, with the 
difference of their squares, are given. 

12. Given the difference of two lines, and the difference of their 
squares, to find the lines. 

Using the same diagram, let CD be the given difference of the 
required lines. Construct on it (Prohs. 2 and 3, CJiap. /F.) a rect- 
angle CDC^D^ equal in area to the rectangle given equsd to the 
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difference of the squares. The side DC^ of this rectangle, adjacent 
to CZ), is then (Theor, 6) the sum of the required lines. The 
difference CD, and the sum, 7)C^, of these lines being thus known^ 
the lines themselres are determined. 

Segments. — To cut a line externally, so that ike difference of the 
squares of the segments he a given magnitude. This is the same- 
problem as above in a different form.:' The given line being cut 
externally, the line is the difference of the segments. There- 
fore, the segments required are two lines, the difference of which,, 
with the difference of their squares, are given. 




13. Given the difference of the squares of two lines, and the rect^ 
angle under ihem^ tofnd the lines. 

As this problem cannot be solved by the same method as the 

former nine were, a special construction ia 
required. Construct a square (Proh, 3) 
equal to the given difference of ,the squares 
of the required lines ; and let AB be a 
side of this square. Construct, then, on 
AB a rectangle, ABA.B^, equal to the 
given rectangle under tne lines. Cut AB, 
then, externally at C[Proh, 6, Segments), so 
that the rectangle under AC and BC may 
be equal to the square of A^B; and on AC 
describe (Proh. 15, Chap, II.) a semi- 
circle ; and then produce A^B to meet thia 
semicircle at D, Join AD and CD ; and the lines AD and DB 
are the two required. 

For, wnce DB is perpendicular to AB, the difference of the 
squares of AD and BD is (Theor, 14) equal to the square of AB, 
and therefore (by construction) equal to the given difference of 
squares. Also, since the angle at D in the semicircle is a right 
angle, and DB perpendicular to AC, the rectangle under AC and 
BCi% equal [Theor, 14, Cor, 1) to the square of DC, But thia 
rectangle, by construction, is equal to the square of A^B, 
Therefore DC is equal to A^B ; and the rectangle under AB and 
AyB is equal to the rectan^^le under AB and DC, But {Theor, 25) 
the rectangle AB-DC is equal to rectangle ADDB, and 
therefore to the rectangle AA^ Therefore the lines AD and BD^ 
having the given difference of squares, and the area of the 
rectangle under them being that of the given rectangle, are the 
lines required. 



The ten problems being thus solved, it may be well to state- 
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the solutions of the first nine in the conyenient brevity of 
arithmetical language,. keeping in mind that the terms are used 
(/eometrically, as already explained. The following numbers, from 
4 to 12 inclusive, are the numbers of the problems. 

4. Add the half difference of the lines to the half sum, and we 
have the greater line. Take the half difference from the 
half sum, and we have the less line. 

6. From the square of the half sum take the given rectangle, and 
we have the square of the half difference of the line?, and 
therefore the difference itself. The half sum and half differ- 
ence of the lines being thus known, the lines are determined. 

6. To the square of the half difference of the lines add the 

given rectangle ; and we have the square of the half sum, 
and therefore the sum itself. The half sum and half 
difference being thus known, the lines are determined. 

7. Add half the difference of the squares of the lines to half the 

sum of their squares, and we have the greater square. Take 
half the difference of the squares of the lines from half 
the sum of their squares, and we have the less square. 
The squares being thus known, their sides, the required 
lines, are determined. 

8. Add double the given rectangle to the given sum of squares, 

and we have the square of the sum of the two lines. 
Take double the rectangle from the sum of the squares, 
and we have the square of the difference of the lines. The 
squares of the sum and difference being thus known, their 
sides, the sum and difference of the lines themselves, are 
known, and the lines determined. 

9. From half the given sum of squares take the square of 

half the given sum of lines, and we have the square of 
their half difference. The half sum and half difference of 
the lines being thus known, the lines are determined. 

10. From half the given sum of squares take the square of half 
the given difference of the lines, and we have the square of 
their half sum. The half sum and half difference being 
thus known, the lines are determined. 

11. Divide the given difference of squares of the lines by their 

sum, and the quotient is the difference of the lines; Their sum 
and difference being thus known, the lines are determined. 

12. Divide the given difference of squares of the lines by the 
difference of the lines, and the quotient is the sum of the 
lines. The sum and difference of the lines being thus 
known, the lines are determined. 
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14, To divide a given line AB so that the rectangle under the 
whole Une and one segment be equal to the square of the other 
segment. 



Bf O, 
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On AD construct a squaxeABA^B^y and bisect the side AB^ of 
this square at M, Join M, then, with B, and 
produce MA to Q, so that MQ be equal to MB. 
Then cut off ^0 from AB, equal to AQ; and 
AB will be cut at 0, so that the rectangle under 
AB and BO be equal to the square of AO. 

For, drawing through and Q the lines O^OQ 
and (2Qi respectively, parallel to B^Q and AB^ 
and meeting in Q^, since AO, by construction, is 
eoual to AQ, the figure AQQ^O is a square. 
Also, since AB^ is bisected at M and cut 
externally at Q into segments B^Q, AQ, the rect- 
angle under B^^Q and ^Q is equal [IJieor, 11) to 
the square of MQ, less by the square of MA. But MQ, by con- 
struction, is equal to MB, Therefore the rectangle B^Q-AQ is 
equal to the difference of the squares of MB and MA, that is, 
equal {Theor. 14) to the square of AB. Consequently, since 
QQ, is equal, by construction, to AQ, the rectangle -S^Q, is equal 
to the square on ylB. Take away the rectangle AO^ from both the 
square on AB and the rectansfle B^Q^ ; and the square QO is 
equal to the rectangle OA^. But, since A^B is equal to AB, the 
rectangle OA^ is equal to the rectangle under the whole line 
AB and its segment BO ; and the square QO is the square of 
the other segment AO, The line AB is therefore divided, as 
required. 

Cor. 1. It is evident from the above construction that, in order 
to divide the given line as required, it was necessary to cut 
externally at Q another line AB^, equal to AB, so that the 
rectangle B^Q'AQ xmdcT its segments should be equal to a 
given magnitude, namely, the square of AB, This can be 
done by Problem 6 ; but, the given magnitude being the square 
of the very line to be cut externally, a special construction 
applies. The result is, that the greater external segment 
B^Q is cut at A similarly to the given- line AB itself at O ; 
that is, so that the rectangle under the whole line B^Q and 
one segment AQ be equal to the square of the other segment 
AB^, 

N,B, — ^Lines divided in this manner are generally described as 
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'* cut in extreme and mean ratio ; " because the greater segment 
is a mean proportional to tlie whole line and less segment, l^e 
shall, in future, describe it as such, merely for the sake of a 
name, the meaning of which will be understood in the Sixth 
Chapter.* 

15. Gwen one of the two equal sides, AC, of an isosceles triangle, to 
construct it so that each base angle he double the vertical 
angle. 

Divide the line ^C at {last Prob.) in extreme and mean 
ratio. Then construct on the less seg- 
ment OA, as base {Prob, 1, Chap, III.), an 
isosceles triangle OB A, the two equal sides, 
OB, AB, of which shall be each equal to the 
greater segment CO, Join B with C, 
The triangle ^C2? is then the one required. 

For, since AB is, by construction, equal 
to CO, the rectangle under CA and OA is 
equal to the square of AB, Therefore 
(Theor, 23) AB is a tangent to the circle 
R, which may (Prob. 5, Chap, III.) be 

described through C, 0, and B, Hence the angle OBA is 
equal (Theor. 16, Chap, II.) to the angle BCD in the alternate 
segment BCO of the circle. But, since BO and CO are equal, 
the angles OCBsmd OBC are equal, and, consequently, the angle 
ABC\s double ACB, Also, the angle AOB^ being external, is 
double of ACB internal in the triangle BOC, But, the triangle 
OAB being isosceles, the angle OAB is equal to AOB, and 
therefore, also, double the angle ACB. The angles, therefore, at 
the base AB are each double the angle ACB at the vertex of the 
triangle ACB, as required. 

Cor. 1. Hence, the base of an isosceles triangle being given, the 
triangle may be constructed so that its base angles be each 
double the vertical angle. Let the base be produced, and 
cut it then externally so that the rectangle (Cor, 1, last 
Prob,) under the external segments be equal to the square of 




* It is desirable that a short expression should be found to denote 
a line cut in this peculiar way. It has been suggested to speak of the 
line as cut by " medial section," but it would be more expressive to 
describe it by its peculiar ratio, and name it a "line cut in medial 
ratio." 
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the base, and then the greater external segment will be the- 
side of the required isosceles triangle. Its three sides 
being thus known, the triangle may (^Proh, 1, Chap. Ill,) bo 
constructed. 

Cor. 2. An isosceles triangle may also be inscribed in a circle^ 
the base angles of which may be each double the vertical 
angle, by making, first, by the above problem, any triangle 
of that species, and then, by Problem 8, Chapter III.,, 
inscribing a triangle equiangular with it. 

16. To inscribe a regular pentagon in a given circle R. 

Construct (last Proh,) any isosceles triangle, the base angles of 

which shall be each double the vertical 
angle. Inscribe then (Proh, 8, Cliap^ 
III,), in the given circle R, a triangle 
ACE equiangular with the one so con- 
structed; and bisect the base anglea 
AEC and EAC by the lines EB and 
AD, meeting the circle in B and D. 
Join A with jB, then B with C, C with 
Z), and D with E; and the figure 
ABCDE so formed is the required 
pentagon. 
For, since the base angles AEC and 
EAC are bisected by EB and AD, the angles AEB, BEC, CAD, 
DAE, being each half the base angles of the triangle ACE, are 
each equal to ACE, But these five angles at the circumference 
standing on the arcs AB, BC, CD, DE, and EA being equal, the 
arcs themselves are equal ; and therefore their chords, the sides 
of the pentagon, are equal. 

The angles of the pentagon are also equal, being each evidently 
three times the vertical angle ACE, and therefore each six-fifths 
of a right angle. 

Cor. 1, Hence a regular quindecagon may be inscribed in a circle : 
— ^by first inscribing an equilateral triangle, and then inscrib- 
ing a side of a regular pentagon, one extremity of which shall 
coincide with a vertex of the equilateral triangle. If the arc 
of the circle intercepted by these two sides be bisected, the 
chord of the half arc will, in magnitude, be the side of the 
regular quindecagon. 
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17. To inscribe a regular decagon in a given circle i?. 

On any radius RA of the given circle construct an isosceles, 
triangle ARA,, the base angles at A 
and A^ of which shall be each double 
the vertical angle at R, The point A^^ 
is then on the circumference, since RA^ 
is equal to RA, Draw, then, through 
the centre it of the circle a diameter 
CCj^ parallel to AA^ ; and also the 
bisectors RB and RB^^ of the angles 
ARC and A^RC^ to meet the circle in 
i? and B^, Join A with B and B with 
C, also Aj with B^, and B^ with C^, 
and these four joining lines, together 
with AA^, will be the five sides of the required decagon in the 
lower semicircle. 

For, since the diameter CRC^ is parallel to AA^, by construc- 
tion, the angles ^i?C and i4ji?Cj are equal respectively to ^ji4ib 
and AA^R, and, therefore, each double ARA,, The five angles 
CRB, BRA, ARA^^ A^RB^, and BJIC, are therefore equal, and 
consequently the arcs and chords on which they stand are equal ; 
that is, the five sides of the half decagon, CB, BA, AA^y -^i^v 
and B^Cj^ are equal. The angles also of this half decagon at 
B, A, Ajy and B^ are equal, being each double the base angle 
,AA.R of the triangle ARA^^, or to eight-fifths of a right angle. 

This construction and proof applies only to the lower half of 
the circle ; but it is evident that, on producing 5^, AR^ A^R, and 
B^R to meet the upper semicircle, the other five sides may be 
constructed. 

Cor. 1. Hence it follows, from the construction, that the side of 
a regular decagon inscribed in a circle is equal to the greater 
segment of the radius cut in extreme and mean ratio. 



EXERCISES. 

1, Divide a line so that the rectangle under the whole line and 
one segment be an area of given magnitude. 

2. If a line be drawn from a given point to a given directive, 
and be divided so that the rectangle under the whole line and its 
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segment adjacent to the given point be a given magnitude, the 
locus of the point of section will be a circle. Find the centre 
And radius of the circle. 

3. Prove the same if, for the directive, a circle be substituted. 
Find also the centre and radius. 

4. Draw from a given point a directive intersecting two given 
directives, so that the rectangle under the distances of the 
points of section from the given point be a given magnitude. 
There are two solutions, 

5. Do the same, substituting for one of the directives a 
circle. 

6. Draw a directive through any given point, cutting a given 
circle so the chord cut off from the directive by the circle be a 
^iven magnitude, and distinguish between the cases where the 
point is within and without the circle. 

7. Draw a directive through any given point, cutting a given 
circle so that the sum of the squares of the distances of the 
points of section from the given point.be a given magnitude. If 
the point be on the circle, what form does the problem take ? 

8. Describe a circle through two given points, touching a 
;given directive. 

9. Describe a circle through one given point, touching two 
given directives. 

10. Describe a circle through two given points, touching a given 
cbrcle. Show that there are two circles, one touching the given 
■circle externally and the other internally. 

11. Prove that the area of a triangle is that of a rectangle 
under its semiperimeter (or half sum of the three sides) and the 
radius of its inscribed circle. 

12. Prove that the sum of the squares of the sides of a 
parallelogram is equal to the sum of the squares of its diagonals. 
Verify this by the case of the square. 

13. Prove that the sum of the squares of the sides of a 
•quadrilateral is equal to the sum of the squares of its diagonals, 
with four times tlie square of the line joining their points of 
bisection. 

14. Prove that three times the sum of the squares of the sides 
of a triangle is equal to four times the sum of the squares of the 
bisectors of the sides drawn from the vertices of the triangle. 

15. Prove that the sum of the squares of the four lines drawn 
from any point to the corners of a square is equal to four times 
the square of the line drawn to its centre, with one square of its 
diagonal. 

1(3. The sum of the squares of the six lines drawn from any 
point to the six comers of a regular hexagon inscribed in a circle 
is equal to six times the sum of the squares of the radius and 
line joining the point with the centre of the circle. 
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17. Being given base and vertical angle of a triangle, construct 
it so that the sum of the squares of its sides be a given magni- 
tude. When will the sum of the squares be the greatest 
possible ? 

18. Being given the base and area of a triangle, construct it sa 
that the sum of the squares of the sides be a given magnitude. 
When will the sum of the squares be the least possible ? 

19. Being given base, sum of squares of sides, and difference 
of squares of sides, construct the triangle. 

20. Draw from two given points two lines meeting on a given 
directive so that the sum of their squares be a given magnitude. 
When will the sum of the squares be the least possible ? 

21. Draw from two given points two lines meeting on a givea 
circle so that the sum of their squares be a given magnitude. 
Determine the points on the circle for. which the sum of the 
squares is the greatest and least possible. 

22. Through two given points describe a circle which shaB 
bisect the circumference of a given circle. 

23. Through one given point describe a circle which shall 
bisect the circumferences of two given circles. 

24. Given base and sum of sides of a triangle, the locus of the 
foot of the perpendicular from either extremity of the base on 
the bisector of the external vertical angle is a circle, the radius 
of which is half the given sum of sides, and centre the bisection 
of the base. 

. 25. Prove that the rectangle under the perpendiculars from 
the extremities of the base (last Exercise) on the bisector of the 
external vertical angle is a constant magnitude, equal to the 
difference of the squares of the half sum of sides and half base. 

26. Given base and difference of sides of a triangle, the locus 
of the foot of the perpendicular from either extremity of the 
base on the bisector of the internal vertical angle is a circle, the 
radius of which is half the given difference of sides, and 
centre thp bisection of the base, 

27. Prove that the rectangle under the perpendiculars from 
the extremities of the base (last Exercise) on the bisector of the 
internal vertical angle is a constant magnitude, equal to the 
difference of the squares of the half base and half difference of 
sides. 
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CHAPTER VI. 

RATIO AND PROPORTION, 

In the preceding chapters magnitudes were considered 
only in reference to absolute quantity or position, or 
as wholes divided into parts greater and less, or as 
bisected. In the case of bisection there is, indeed, a 
relation as to quantity implied, namely, the relation of 
equality ; but beyond that no comparison of relations 
of magnitude has been made. In the present chapter 
the subject will be fully considered, commencing with 
an explanation of the terms Katio and Proportion, 
which will be in constant use. 

RATIO. 

Ratio is Relative Magnitude ; or, as Euclid defines 
it, " A mutual relation of two magnitudes of the same 
kind to one another, in respect of quantity." 

The first of the two magnitudes in a ratio is termed 
the Antecedent, and the second the Consequent. 

The Reciprocal of a Ratio is the ratio inverted, 
the second term of the ratio being made the ante- 
cedent and the first term the consequent. 

When the terms of a ratio are said to be of the 
^'same kind," it is*meant that the less magnitude can 
be increased by addition or multiplication, so that it 
may be equal to or exceed the greater. 

Thus two lines can have a ratio ; for the less can be added to 
or multiplied so as to exceed the greater. If two lines are in 
magnitude, eleven and three ; on the former being divided into 
eleven equal parts, the less contains only three of them ; but by 
adding to the less eight parts, it becomes equal to the greater ; 
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«nd by adding nine, exceeds it. So likewise, if the less be taken 
four times and the four lines be made into one, that line so made 
will exceed the greater line. 

Similarly, arcs and angles, areas and solids, beiog each 
of a ** separate kind," can each within its own kind have a 
ratio ; but no arc can be increased so as to become equal to or 
exceed an area, nor an angle to exceed a cube, under any 
circumstances. 

This relative magnitude, or ratio, may be either 
perceived as evident or ascertained by an arithmetic 
test. 

Thus, if two directives diverge from a point and are crossed 
by any number of pai-allel directives, it seems quite self-evident 
that the triangular figures cut off, which are equiangular triangles , 
differ only in scale of magnitude, and that the corresponding 
pairs of sides have the same ratio. And this might well be 
made the basis of a truly geometric doctrine of ratio and pro- 
portion. But as the common usage, in elementary geometry, 
is to apply to ratio an arithmetic test, either by multiples or 
fiubmultiples, we conform to the practice ; but in the form of 
^ubmuUiples, as the simpler test.* 

The Measures op a Ratio. — These are obtained 
by finding a magnitude termed a submultiple and 
ascertaining if it be contained without remainder in 
both antecedent and consequent, or by reducing the 
ratio to that of any equisubmultiples of both. They 
may be stated as follows : — 

Ist. T/ie Ratio of Two Magnitudes is the ratio of the 
Two Numbers which express how often any Common 
Submultiple of tliem is contained in ea^h. 

2nd. Two Magnitudes have to each other tlie Ratio of 
their Equisuhmultiples, 

The latter measure is self-evident ; the ratio of any 
two magnitudes being that of their fifth parts, or of 

— ^1 ^ I II r w ■ I _ I I - ' J r— — ,— T T 

* See Appendix, Note 6. 
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their twelfth, or hundredth parts, which are all equi- 
submultiples of the two magnitudes. The former 
measure is, however, more useful ; but it involves a 
difficulty from incommensurable quantities^ as we 
shall see. 

Commensurable Quantities. — When two mag- 
nitudes have a common submultiple, this submultiple 
being contained in each magnitude a whole number of 
times for each, the ratio of the two ,magnitudes is that 
of the numbers expressing how often it is so contained. 
For example^ two magnitudes, represented by the 
figures 684321 and 332763, have a unit in the last place 
of each a common submultiple ; and, this unit being 
thus a common measure, the magnitudes are therefore 
commensurable ; and the ratio of the two magnitudes 
is that of the two numbers expressing how often 
this unit is contained in both ; that is, 684321 
to 332763. And this conclusion ejctends to any decimal 
quantities which have a terminable number of places ; 
the unit in the lowest decimal place of that one which 
has the greater number of places is a submultiple of 
both magnitudes. 

Incommensurable Quantities.* — When one of 
the magnitudes can be represented only by an intermin- 
able decimal, while the other is a finite whole number, or 
finite decimal, no finite common submultiple can exist ; 
for, though a unit be selected in the last place of the 
whole number or finite decimal, yet the decimal repre- 
sented by all the figures which follow the corresponding 
place in the interminable decimal, being less than that 
unit in that place and unknown in quantity, cannot be 
a common measure of the two magnitudes, and is only 
a remainder. 



* 8ee Appendix, Note 7. 
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If both magnitudes be represented by interminable 
decimals^ there oan be^ equally as in the former case, no 
finite common submultiple. For, no matter how far 
down in the series of places a finite unit be taken, there 
are remainders less than that unit and unknown. 

But, notwithstanding this difficulty, a unit can be 
foubd very much further down in the series of places 
which will answer the purpose of the common sub- 
multiple, and taken so infinitely small, that the magni- 
tudes may be truly said to be as the numbers of times 
that this infinitesimal submultiple is contained in the 
two magnitudes. 



proportion- 
Proportion is the Equality of Two Batios. In a 
proportion there must, therefore, be always four terms : 
the first and third of which are the antecedents^ and the 
second and fourth the consequents, and the proportion 
simply states that the ratio of the first to the second is 
equal to that of the third to the fourth. 

When the second term is equal to the third, the 

Eroportion is said to be continued, the second term 
eing continued, or repeated, in the third ; and the 
proportion is thus made to consist apparently of only 
three terms when there are really four. 

The middle term in this case is '' the mean pro- 
portional," and the other two terms, "the extremes." 

The Tests op Proportion. — These are derived 
from the measures of ratio. If two ratios are equal, 
their measures must be the same. Hence :- — 

1st. Four Magnitudes are Proportional when a stib' 
multiple of. the jirst is contained in the second as often 
as the equisubmultiple of the third is contained in the 
fourth. 
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2n(l. Fowt Moffnitiuies are Proportional when any equi- 
jmibmultiplea of the first and second are also equisub- 
multiples of the third and fourth. 

Hence may be deduced the following changes of 
proportion derivable from a given proportion : — 

By Alternation. — When the first is to the second 
as the third to the fourth^ the first is to the third as 
the second to the fourth. 

By the first test of a proportion equkubmultiples of the first 
and third are contained an equal number of times in the second 
and fourth, and are therefore equisubmultiples also of the 
second and fourth. But, by the second measure of a ratio, the 
first is to the third in the ratio of their equisubmultiples, and the 
second to the fourth likewise in the ratio of their equisub- 
multiples. But the equisubmultiples for both ratios are the 
same. Therefore, by the second test of proportion, the alternation 
holds good — the first is to the third in the ratio of the second to 
the fourth. 

By Inversion. — When the first is to the second 
as the third to the fourth^ the second is to the first 
as the fourth to th€ third. 

This is evident from the first test. For, since a submultiple of 
the first is contained in the second as often as an equisubmuitiple 
of the third is contained in the fourth, it follows that a sub- 
multiple of the second is contained in the first as often as an 
equisubmuitiple of the fourth is contained in the third, which 
inverts the ratio. 

By Comfosition, — When the first is to the second 
as the third to the fourth^ the sum of the first and 
second is to the first or second as the sum of the third 
and fourth is to the third or fourth. 

For, since the submultiple of the first is contained in the 
second, it is contained in the sum of the first and second. So, 
likewise, the equisubmuitiple of the third, being contained in the 
fourth, is contained in the sum of the third and fourth. There- 
fore, the sum of the first and second is to either first or second 
as the sum of the third and fourth is to either third or fourth. 
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By Division. — When the first is to the second as 
flie third is to the fourth^ the difference of the first 
and second is to the first or second as the difference of 
the third and fourth is to the third or fourth. 

This is proved as the last was, the submultiples being con- 
tained in the differences as they were in the sums. . 

By Composition and Division. — When the first 
is to the second as the third to the fourth, the sum of 
the first and second is to their difference as the sum of 
the third and fourth is to their difference. 

This is a consequence of the preceding changes in the propor- 
tions, the submultiples being contained in the sums and 
differences as they were in the ratios of the original proportion. 

Similar Figures. — Similar Rectilineal Figures are 
figures the angles of which are all respectively equals 
and the sides about the equal angles proportional. 

For example, two equiangular triangles are similar, 
for it has been proved {Theor. 3) that their sides 
about the equal angles are proportional. Also, all 
squares are similar to each other, the angles at their 
corners not only being equal, but their sides about the 
equal angles propoitional in the ratio of equality. 
The definition guards the student against the possible 
mistake of supposing that all rectilineal figures which 
have equal angles are similar. 



AXIOMS ON RATIO. 

1. Equisubmultiples of the same or of equal 
magnitudes are equal to each other. 

2. Magnitudes, the equisubmultiples of which are 
equal, are equal to each other. 

3. Two magnitudes are to each other in the ratio 
of their equisubmultiples^ 

I 2 
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4. Two magnitudes are to each other in the ratio of 
the numbers of times that a common submultiple of 
them is contained in both. 

5. Magnitudes which have the same ratio to the 
same magnitude^ or to equal magnitudes, are equal to 
each other. 



SIMPLE RATIO. 

We proceed now to apply these principles to inter- 
secting directives and the triangles they form. 

1. The Segments of Two Divergent Directives ciit off 
from their point of divergence by Tivo Parallel Directives 

are proportional. 

Let the divergent directives be «, F, or AOA^and fiOfi.,and 

ABy A^B^, the parallel direc- 
tives. Then, A x being a 
common submultiple of OA 
and OA^ taken at intervals 
marked x on AA^, let tiie 
linei xy be parallels to AB 
and A^By Then (Theor. 28, 
Chap, III.) the distances 
marked by the letter y on 
BB^ are equal, and are tb« 
same submultiples of OB 
and OB^ that Ax is of OA 
and OA^. A submultiple, 
therefore, Ax of OA, is contained in 0^4 ^ as often as the equi- 
submultiple By of OB is contained in OB , The .segments 
OA, OA^y and OB^ OB^ (Test I. jof Proportion) are therefore 
proportional. 

Hence (by alternation) it follows that OA is to OB as 6U, is 
to OB^. 

Also (fiy composition)^ that AA^ is to OA as BB^ is to OB; or 
AA^ to BB^ as OA to OB. 

2. If two Divergent Directives intersect two Other 
Directives so tJiat their Segments cut off from their point 




RATIO AND PROPORTION. — ^THEOREMS. 



IIT 




of divergence hy the otlxer directives be Proportional^ these 
directives are parallel. 

hi^i AOA^ and BOB^ (in either figure of the diagram) be the 
divergent directives, and AB^ ^j^i 
those which thej intersect, making 
OA to Oil 1 as 05 to OB^. Then, 
if A^B^ be not parallel to AB, let 
A^Che parallel. Then, since AX! 
is parallel to ABy the ratio of OB 
to OC is (Theor. 1) equal to that of 
OA to 0^4 J. But, by supposition, 
the ratio of OB to OB^ is also 
equal to that of OA to OA,. There- 
fore OC is to OB as OB to the 
same OB. Consequently, OC must 
be equal to 05 , a part equal to 
the whole, which (Ax, 10) is im- 
possible. The lines AB and A^B^ are therefore parallel. 

3. Equiangular Triangles have their pairs of Sides 
about the Equal Angles Proportional. 

Let ABC and A^B^C^ be the two equiangular triangles; and 
suppose on the sides CA, C5, of 
the first triangle distances, Ck^, 
CB^^ taken equal to the sides 
C,A^ and C^y^ of the second 
tnai^le. Then, since the angles 
C and Cj are equal in the two 
triangles A^CB^ and A^C^B^^ and 
the sides CA^ and CB^ are equal 
respectively to Cj-4, and CjB,, 
the angles at A^ and B^ in the 
two triangles (Theor, 9, Chap. 
Ill,) are equal. But the angles at A and B in the first triangle 
are, by supposition, equal to A^ and B^ in the second, and conse- 
quently they are equal to A ^ and 5^ in the triangle A , CB^ There- 
fore (Theor. 10, Chap, /.), the line A^B^ in the triangle ACB is 
parallel to i45 ; and (Theor. 1) AC is to.^l Cas JBCis to JB,C, 
that i&, ACis to A^C^ &s BC is to J5, Cj ; and (by alternation) AC 
is to BC as A^ Cj is to B^C^. Thereiore, the sides about the equal 
angles C and Cj are proportional, as stated. 

In like manner, it may be proved that the sides about the other 
pairs of equal angles A, A^, and B, B^ in the two triangles are 
proportional ; and that the triangles are similar. 

4. If Two Triangles Jiave an Angle Equal in eachp 
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and the Sides about the equal angles Proportional^ the 
triangles are equiangular j and Jiave their other sides about 
their other equal angles proportional. 

Let ABC, A,B,C, be the two triangles, C and C^ the equal 
' ' angles, and i4C and BC, A^C^, 

and B^C^ the proportional sides 
about the equal angles C and C^. 
Then, if the sides AC, A^C^^ 
be placed together in directum^ 
since the angles C and C^ are 
equal, the sides BC and B^C^ will 
be also in directum. Hence two 
directives, AA^ and BB^, are cu* 
by two other directives, AB, 
A^B^, making the segments AC, 
A^C^, and J?C, ^^C, proportional. 
Therefore (TAeor.2) the sides AB 
and A,B^ are parallel ; and the triangles are equiangular, and 
also {Theor. 3) have their other sides proportional, as stated, 

5. If Two TAangles have their Three pairs of Sides 
respectively Proportionaly they are equiangular. 

Letil^C, A^B^C^ be the two triangles, the sides AB, BC, CA 

being proportional to 
A^B,B,C,, C,A,; &nd, 
on the side B^^C^ of the 
second triangle, sup- 
pose a triangle con- 
structed having the 
angles B^, C^ equal to 
the angles B, C, of the 
first triangle. The re- 
maining angle A^ is 
then evidently equal to the angle A. The triangles ABC and 
A^jJ^ are therefore equiangular ; and ^C is to BC as Afi^ is 
to BSi^, But ^C is also, by supposition, to -BC as A^C^ to Bfi^. 




Aiy 




'2^2 

Therefore 
u4„Co is e< 



e A^C^ is to ^iC, as A^C^ is to B^C^, and consequently 
^j^^2 *" ^^y^ to AX!y In like manner, it may be proved that 
A^^ is equal to A^B^, The two triangles A^B^C^, ^^fi^^ there- 
fore (Theor, 8, Chap, IIL), have their angles equal. Therefore, 
the angles of the triangles ABC and A^B^C^ are equal ; and they 
are equiangular triangles, as stated. 

6. If Two Triangles have Two Sides in one Propor-^ 
tional to two sides in the other^ and the Angles Opposite 
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(hie Pair of the Iwmologous sides Equal, the angles op- 

posite the otJier pair of homologous sides will be also equal j 

and iJie triangles similar^ if the angles opposite the 

remaining pair of sides be either Both Obtuse or Both 

Acute. 

Let ABC and A^BX!^ be the two triangles ; C and G^ the two 
equal angles; and Acand AB 
the sides proportional ta A^ C^ AC 

and AB^, Then, if the 
angles A and B be not equal / \o 

to A, and B^^ let the angle / y"^ y^e, 

C^iiin the first triangle be 
equal to ^^ ; and since, also, 
C is equal to Cj,the triangle 
CAD ( Theor. 3) must be simi- 
lar to C.A^B^, and CA be to 

AD as <^i4i is to A^B^. But CA is,, by supposition, to AB as C^A 
to A^By Therefore AD is equal to AB, and the triangle ABD i 
isosceles ; and consequentlytheextemalangle^tDCmust be obtuse. 
Hence the angle B^, proved equal to ADC, must also be obtuse. 
But B^ and B are both acute angl^es or both obtuse, by supposi- 
tion. If they be both acute ; B^ , an acute angle, is equal to ADC, 
an obtuse angle, which (Ax, 3) is impossible. If they be both 
obtuse ; then B, an obtuse angle^ is a base angle of the isosceles 
triangle ABD, which is also impossible (Theor. 14, Cor. 5, Chap. /.), 
unless the points B and D coincide. The two triangles, conse- 
quently, must be similar, and their remaining pair of sides, BC 
and B^C^ (Theor, 3), be proportional to the other pairs of sides, 
as stated. 

7. TJie Segments cut off from Two Parallel Directives 
by Three Directives Diverging from a Point are pro^ 
portixmal. 

Let X, F, and Z be the directives diverging from ; and AB, 
BC, andilj-fij, B^ C^, the segments cut off 
from the parallel directives AC, A^C^, 
Then, since the triangles AOB and 
^jO-Bjjare equiangular, AB (Theor. ^yv& 
to A,By^ as OB is to OBy In like man- 
ner, m the equiangular triangles, BOC 
and B^OC^, BC is to B^C^ as OB is to 
OB,, Therefore, the ratio of AB to 
A^B^ is equal to that of BC to B C^ 
And (hy alternation) ABi& U> BC as 
A^B^ to ^1^1, as stated. 
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CoNVEBSE.— Hence it follows that, if two parallel lines AC 
and ^jCj (as in the above Figure) be divided at B and B^ in the 
same ratio, the directive F through the points of section, B and^,« 
must pass through the point of intersection O of the directives X 
and Z through the extremities of the lines. For, if F do not 
pass through O, the line from O through 5j will cut AC, as above 
proved, in the ratio of A^B, to B^C^^, But this ratio is equal to 
that of AB to BC; and AC ia thus cut twice in the same ratio, 
which is impossible, since the segments of ^C in both sections 
are measured similarly from its extremities. The directive Y, 
therefore, passes through the intersection of X and Z, as stated. 

8. The Bisector of the Vertical Angle of a Triangle 
cuts the base in the ratio of the sides. 

Let ACB be the triangle, and CD the bisector of the vertical 

angle C, meeting the base AB in Z>. 
Let, also, BB. be a line through 
B parallel to CD, meeting AC pro- 
duced in By Then, since BB^^ is 
parallel to CD, the angles ACD 
and BCD are equal respectively to 
CB^B and CBB , And therefore, 
since the angle ACB is bisected by 
CD, the angles CBB^ and CB^B 
are equal, and the triangle CBB^^ is 
isosceles, and CB^ is (Theor. 6, 
Chap. IIL, Converse) equal to CB* 
The ratio, therefore, of ^C to BC 
is that of AC to CB^ But (The(yr, 1) AC is to CB^ 9A ADto 
BD; and, consequently, -4Cis to BC as AD to BD^ as stated. 

9. The Bisector of the External Vertical Angle of a 
Triangle cuts the base eastemally in the ratio of the 
sides. 

The proof is nearly identical with the last. Let ACB he the 

triangle, and CD the exter- 
nal bisector of the vertical 
angle meeting the base ex- 
ternally in D, Let, also, 
JB5j be a line through B, 
parallel to CD, meeting AC 
in B,, Then, since BB^ is 
parallel to CD, the angles 
XCD and BCD are equal 
{Theor. 8 and 9, Chap. I.) to CB^B and CBB^^ ; and therefore, 
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since also the external vertical angle XCB is bisected by CZ>, the 
ansles CBB^ and CB^B are equal, and CB^ is (Theor, 6, Chap. 
I 11,^ Converse) equal to CB. The ratio, therefore, of ^IC to BC 
is that of AC to B^C. But (Theor. 1) y4C is to CB^ as AD to 
BD; and, consequently, ^IC is to BC as AD to -BZ), a« stated. 

Cor. 1. From this and the preceding analogous theorem, it 
follows that the internal and external bisectors of the 
vertical angle of a triangle cut the base internally and 
externally into proportional segments, in the ratio of the 
sides. 

Cor. 2. It is hence also evident that, if the base AB and the ratio 
of the sides AC^ BC, of a triangle ACB be given, the locus 
of its vertex is a circle described on the distance from each 
other, as diameter, of the two points in which AB is cut 
internally and externally in the given ratio. 

10. If Two Lines drawn, ene internally^ the other 
eJctemaUy^ from the Vertical Angle of a triangle cut the 
Base into internal and external Segments Proportional to 
tJie Sides f these lines contain a right angle. 

Let A CB be the triangle, and CD and CD^^ the two lines cutting 
the base i4^ati) and Z)i 
into segments, so that 
the ratios of ^D to BD 
and AD^ to BD be 
equal to those or the 
sides. Suppose, then, 
CB, and CB^ to be 
taken equal to CB, 
and B joined with B, 
and B^ Then, since 

CB, CB, and CJJgare equal to each other, a circle with Cas centre 
can be made to pass through B, B,, and B^, of which B,B.^ 
should be a diameter. Hence (Theor. 12, Chap. II.) B,BB^ is a 
right angle. Moreover, since AD is (by supposition) to BD as 
^C to i^C, it is to 5i) as AC to B,C. Therefore (Theor. 2.) 
CD is parallel to BB,. In like manner, since AD^ is to BD, as AC 
tn BC, it is to BD as ^IC to CB^. Therefore CD, is parallel to 
BB^. But the angle between BB, and BB^ has been proved to 
be a right angle. Therefore the angle DCD, between the 
lines parallel to them, CD and Ci>^, is also a right angle, as 
stated. 
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11. The Perpendicular from the Vertex of a Right- 
angled Triangle on tlie Hypothenuse divides tlie triangle 
into two triangles^ which are similar to tlie whole and to 
each otiier. 

Let ACB be the right-angled triangle, and CP the perpen- 
dicular from C on the hypothe- 
nuse AB^ and a, /3, a^, iS^ the 
acute angles of the triangles APC 
and BPC, Then, in the two 
triangles ACB and APCy the 
angle a is common to both, and 
their angles at C and P are right 
angles. The angles /3 and /S^ 
are therefore (Theor. 14, Cor. 4, 
Chap, I) equal, and the two 
triangles equiangular, and therefore similar. In like manner, it 
may be proved that the triangle BCP is similar to ACB. Hence 
the triangles APC and -SPC, being similar to the same ACB, are 
similar to each other, as stated. 

Cor. 1. Hence it is evident, since APC and BPC are similar, 
that AP opposite ^ is to PC opposite o, in the triangle APC, 
as PC opposite /Jj is to BP opposite Oj in the triangle BPC ; 
that is, the perpendicular CP is a mean proportional to the 
segments, AP and BP, of the hypothenuse. 

The following theorem is an extension of that which 
has been just proved : — 

12. AwjLine drawn from the Vertex of a Triangle to 

the SasCj making with either of its sides an angle equal to 

tlie angle opposite that side, forms, with that side and 

tlie adjacent segment of the hase^ a triangle similar to the 

given triangle. 

Let ABC be the triangle, and CO the line drawn from the 

vertex C to the base AB, so that the 
angle BCO be equal to -6.4 C Then, 
since the angle ABC is common to the 
two triangles ABC and OBC, and the 
angle BCO, by supposition, equal to 
BAC, the remaining angles ACB and 
BOC {Theor. 14, Chap. I.) are equal ; 
and the triangles ABC and COB are 
equiangular, and therefore similar, as stated. 
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Cor. 1. It hence follows that the side BC is a mean proportional 
to the side AB and the segment BO; and also that, if the 
angle ACB become a right angle, the angle BOC must be- 
come right, and the theorem last proved be reproduced. 
The two right-angled triangles into which OC would divide 
the triangle would then be similar to the whole and to each 
other. 

N.B.—li the line from the vertex cuts the base externally at 
(9,, making, with the side AC of the triangle," an angle ACO^ equal 
to the external angle CBO^ at B^ and opposite to -4C, a similar 
conclusion holds good — the triangles ACO^ and BCO^ are 
equiangular and similar. 

13. Parallelogrccms on different bases, hut between the 
same parallels, are proportional to their bases, 

IjeiABA^B^ and CDC^D^ be the two parallelograms on the 
bases AB^ CD, and 

between the parallels 8/ ^ ' Di c, 

Bfi^ andi4Z>. Then, ^ ^ ^ ' ' ' 
let Ax be a common 
submultiple of AB and 
CD, and suppose it 
taken at the intervals 
marked x on AB and 
the intervals marked y 
on CD, Then, since 
the distances Ax, Cy are all equal, the paraUelograms into which 
the parallelograms AA^ and CC^ are divided, are all equal, being 
on equal bases and between the same parallels. Therefore, the 
parallelogram on Ax is the same submultiple of the parallelogram 
on AB as Ax is of the base AB. And, similarly, the equal paral- 
lelogram on Cy is the same submultiple of the parallelogram on 
CD as Cy is of CD, Therefore the submultiple parallelogram 
on Ax of parallelogram AA^ is contained in the parallelogram CC^ 
as often as the equisubmultiple Ax of AB is contained in CD ; 
and therefore the parallelograms AA^ and CC^ are proportional 
to their bases AB and CD, as stated. 

Cor. 1. If the parallelograms be rectangles between the same 
parallels, they have each a pair of equal parallel sides perpen- 
dicular to their bases ; and therefore the rectangles are, in the 
ratio of their other pair of sides^ the bases; and if the rectangles 
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be on equal bases, but between different parallels, they are 
to each other as the distances between the parallels ; that is, 
as their altitudes. 

Cor. 2. As the areas of triangles are the halves of those of parallelo- 
grams, it follows that triangles on different bases and between 
the same parallels are.proportional to their bases. 

Cor. 3. Also, as the areas of triangles are the halves of rect- 
angles under their bases and perpendiculars, they are to 
each other as their bases if their perpendiculars are equal, 
and as their perpendiculars if their bases are equaL 

14. In the Same Circle^ or in Equal Circles^ Angles 
subtended at the centre are to each other in tlie Ratio of 
the Arcs on which they stand. 

Let the arcs of the two equal circles be -4^ and A^,, and 

ARB and A^R^B^ the 
angles at the centres ; 
and let Ax be a sub- 
multiple of AB^ which 
is contained in A^B^ 
without any remainder. 
Then Ax is a common 
submultiple of AB and 
A^B^, Take it on AB 
and ^1^1 as often as it 
will go. Then AB is 
divided at intervals, 
marked a:, into a number of equal parts ; and A^B^ is also so divided 
at intervals, marked y. The submultiple arcs being all equal, 
the corresponding angles at the centres, R and 22^, are also all 
equal ; and their number in each circle is equal to that of the sub- 
multiple arcs in each. The submultiple angle ARx is therefore 
contained in AJR^B^ as often as the equisubmultiple arc Ax is 
contained in aJb^^ that is, a submultiple ARx of the first ARB is 
contained in the second A^R^B^ as often as the equisubmultiple 
Ax ot the third ^^is contained in the fourth A^B^. There- 
fore the four magnitudes are proportional, as stated. 

Cor. 1 . It is further evident, since the ratio of two magnitudes 
is the same as that of their halves, that the angles ACB 
and A^C^B^ at the circumferences are proportional to the 
arcs AB and A^B^ on which they stand. 
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N.B. — The theorem has been proved for two equal circles, but 
it equally holds good for arcs and angles in the same circle. 

15. In Unequal Circles Arcs mhtending Equal Angles 
at tlieir Centres are proportional to the circumferences of 
tJie circles. 

. Let R and R^ be the two circles, and AB, A^B^ two arcs sub- 
tending at R and R^^ equal angles 
a and o.. Then, the arc AB in 
the circle R is to the whole cir- 
cumference of R (last Theorem) as 
the angle a is to four right angles. 
In like manner, in the circle R^, 
the arc A^B^ is to the circumfe- 
rence of the circle R^ as the angle 
a^ is to four right angles. But 
fl^ngles a and a are, by supposition, 

equal. Thereiore, the arc AB is to the circumference of R as the 
arc A^BAs to that of R^ ; and, consequently (by alternation), AB 
is to A^Bj^ as the circumference of R is to that oi R^j as stated,* 

16. If Two Triangles stand on Opposite Sides of a 
Common BasCj t/ie line joining the vertices of tlie triangles 
is cut by the base in tJie ratio of their areas, 

' Let AB be the common base, and ACB and AC^B the two 
trianfi:le8 ; also, the point 
in which CC^ cuts the 
base either internally or 
externally, and CP, CJ^^ 
the perpendiculars from 
C and Ci on AB, Then, 
since the triangles ACfi 
and AC^B are on the com- 
mon base AB, they are 
{Theor, 13, Cor. 3) to each 
other as their altitudes CP 
and CyPy But, in the two 




Fig. 1. 



Fig. 2. 



equiangular right-angled triangles, COP and C^OP^, CP is to 
C^Pi as CO is to CjO. Therefore, the areas ACB and AC^B are 
to each other as CO to Cfi, as stated. 



* This ratio of the circumferences is known to be equal to that of the 
mdii of the circles ; but the dtmemtary geometry, to which we are oon- 
fined, cannot prove it. 
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The aecood Figure illoatrates tbe demonstnition for tbe caae 
where CC^ outa AB externally. 

N.B. — When the two triangles are on the same side of the 
base, the line CC, becomes a line cut at externally by AB, 

but still cut in the ratio of the areas of the triangles. 

17. Equiangular Parallelofframt Equal in Area liave 

their sides redprocally proportional. 

Reciprocal ratjo has been defined in the introductory remarks 
to this chapter ; but in the present theorem its application may be 
stated thug : — When two equiangular parallelograms hare their 
areas equal, any side in one is to a sidf in the other as the remaining 
fide in &at other is tn ike remaitang side in the first. The InrerHion 
of the ratio takes place in the two laaC terms. 

Let the equiangular pai^lelograma 

be AA^ and CC^, and let them l>e ho 
placed that a i«ir of sides, AB, CD, be 
in directuin. Then, since the angles B 
and Dare equal, tbe other pair of sides 
X,S and CJ) are also in directum; 
and, on producing DC and B^A. to 
meet at O, the parallelogram BO is 
eijuiangular with AA, and CC^. Bnt, 
since AA, and CC, are equal in area, 
they have each the same ratio to the 
same parallelogram DO. But -i^ is 
to DO (Them: 13} as AB to DC; and 
also CCi is to DO as C,D ie to A.B. 
Therefore, the ratio of ^B to DC is equal to that of CD to A^B ,- 
that is, a side AB in one is to a aide DC in the otoer as the 
remaining side C.D in the other is to A^B, the remaining side in 
the first, as slated. 

OOE. 1. The converse of this theorem holds good. Fm, if it be 
staUd that AB is to CD as C,D to A,B; then, since the 
parallelograms AA^ and CC, have these equal ratios to the 
same parallelogram DO, tbe parallelograms AA, and CC, 
(Ax. 5, Chap. VI.) must be equal in area, at slated. 

18. Two Triangles which have an Angle in each Equal, 
and tluir Areas also Equal, have their Sides about the 
equal angles recijtrocall^ proportional. 
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Let the triangles be ACB, A^C^B^^ having the angles at A and 
A^ equal, and their areas equal. 
Then, suppose BD and CD to 
be parallels to AC and AB; 
and also BJ)^ and CiD^parallels 
to A^C^ and AJB^. Then, the 
figures AD and A^D^ are paral- 
lelograms double each in area 
to the triangles ACB^ A^C^B^ ^ 
and therefore equal in area to 
each other and equiangular. ° 

Therefore (hy last theorem)^ their eides are reciprocally propor- 
tional. But their sides are the sides AB^ -4Cand A^B^ and A^C^ 
of the triangles. * Therefore the sides of the triangles are 
reciprocally proportional, as stated. 

Cor. 1. The converse of the theorem holds good. For, by 
doubling the triangles, as above, since the sides of the 
triangles are reciprocally proportional, those of the parallelo- 
grams are equally so, and their areas are equal ; and, there- 
fore, the areas of the triangles are equal. 

Cor. 2. Hence also it follows, by supposing the equal angles of 
the triangles to be each a right angle, that, if two right- 
angled triangles have their bases and altitudes reciprocally 
proportional, their areas are equals and, vice versa, that if their 
areas are equal, their bases and altitudes are reciprocally 
proportional 

19. If Two Triangles have two pairs of Sides Re- 
ciprocally Proportional y and the Angles contained by them 
Supplementary to each other ^ their areas are equal. 

Let ABC and A^B^C.he the triangles ; and suppose them so 
placed that the sides A^ and 
A^Bj^ may be in directum, and 
the triangles be on the same 
side (the upper side) of AA^. 
Then, since the angles B and 
B, are supplementary to each 
otner, the side BC of the 
triangle ABC must fall on, 
and in its length coincide 
with, B^Cy Let, also, CP 

and C^P^ be perpendiculars yj p^ p b Bs 

from C andCj on AA^ Then, 
hy tJie statement, AB is to A^B^ as B^Cj^ is to BC, But, since 
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CP And C^P^ are parallel to each other, B^C^ is to £C as C,P. 
is to CP; and, therefore, AB is to A,B^ as C,P^ is to CP. 
Therefore, AB, A^B^, CP, and C,Pj are reciprocally proportional; 
and the rectangles under AB and CP, and A^B^ and C^P^, arc 
{Theor, 17, Cor. 1) equal ; and, consequently, the halves of the 
rectangles, the triangles ABC and A^B^C^^ are equal, as stated. 

Cor. 1. The converse of this theorem is evidently true, viz., 
that, if the areas of two triangles are equal, and a pair of 
angles, one taken from each, are supplementary, the sides 
about these angles are reciprocally proportional. 

20. If Four Right Lines he Proportional ^ the rectangle 
under the Extremes is equal to the rectangle under tlie 
Means. 

Let AB, CDy CD^ and AB^ be the four lines in the order of 

their proportion ; and let also the rect- 

^ — __^ angles AA^ and CCj be respectively 

^ those under the extremes and the 

means. Then, since these rectangles 
are equiangular parallelograms, and 
have their sides reciprocally propor- 
tional, AB to CD as CD^ to AB^, 



0/ 

3RO 
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Bi ;57j' their areas {Tlieor, 17, Cor. 1) are 

equal, as stated. 



^ tsr 



Cor. 1. The converse of this theorem 
holds good, that if two rectan- 
gles have equal areas, their sides 
(Theor, 17) form a reciprocal proportion. 

CoR. 2. If the second and third terms become equal, the pro- 
portion is continued; and the first is to the second as the 
third is to the fourth ; and, therefore, the square of the 
mean is equal to the rectangle under the extremes. 

Cor. 3. Hence, since the perpendicular from the vertex of a 
right-angled triangle on the hypothenuse is (Theor. 11) a 
mean proportional to its segments, the square of the per- 
pendicular is equal to the rectangle under the segments, as 
has been already proved (Theor, 14, Cor. 2, Chap. V.). 

Cor. 4. Hence also, since either side of a right-angled triangle 
is a mean proportional to the hypothenuse and its segmen^^ 
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adjacent to that side made by the perpendicular, its square 
is equal to the rectangle under the hypothenuse and that 
segment. 

GoR. 5. In like manner, it may be shown that, in a triangle 
divided as in Theorem 12, the square of the side BC is 
equal to the rectangle under il^and BO; and the square of 
the line CO^ is equal to the rectangle under AO^ and 
BO^, 

Cob. 6. It may also be proved that the rectangle under two lines 
is a mean proportional to their squares. For, the square of 
the greater line, since it and the rectangle under the 
extremes have a common side, namely, the greater line, is to 
the rectangle under the lines as the greater line is to the 
less. Also, the rectangle under the lines is to the square 
of the less line, since that line is a common side, as the 
greater line is to the less. These two ratios being thus 
equal, the statement holds«good. 



21. The Rectangle under tlie Sides of a Triangle is 
equal to the rectangle under the Diameter of its circum- 
scribing Chxle and tlie Perpendicular from the vertical 
angle on the base* 

Let ABC be the triangle, and R its circumscribing circle, and 
CD the diameter through the centre 
R^ and CP the perpendicular from 
the vertex C on the base AB. Sup- 
pose AD joined. Then, in the tri- 
angles ACD and BCP, the angle at 
A (CD being a diameter) is a right 
angle, and the anjile at P is, by sup- 
position, also right. The angles 
ADC and ABC, standing on the arc 
AC, are (Theor. 12, Chap, J I.) also 
equal; and the triangles AC J) and 
BCP are therefore equiangular and 
similar. Hence, AC opposite D is to 
CD opposite A as CP opposite B is to 
BC opposite P. Therefore, the rectangle under ACsLwd BCj the 
extremes {Theor^ 20), is equal to the rectangle under the meane, 
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CZ> and CP; that is, the rectangle under the sides is eqaal to the 
rectangle under the diameter and perpendicular, as stated. 

Cor. 1. Hence it follows that the rectangles under the pairs of 
adjoining sides all round a triangle are to each other as the 
perpendiculars on the remaining sides from their opposit-e 
angles. 

22. Ptolemy's Theorem. — Tlie Sum of the 
Rectangles under the Opposite Sides of a Quadinlateral 
Inscribed in a Circle is equal to tJie rectangle under the 
diagonals. 

Let A BCD be the quadrilateral inscribad, and AC, BD its 

diagonals. Let, also, BO be a line 
making with AB an angle, ABOy 
equal to CBD, Then, since the 
angle ABO is (by supposition) equal 
to CBDy and the angles BAO and 
BDO equal, both standing on the 
arc BC, the triangles ABO and 
CBD Ate equiangulsur and similar; 
and AB is to AO as BD is to DC 
The rectangle under AB and DC is 
therefore {Theor, 20) equal to the 
rectangle under AO and BD, 

In like manner, addiug the angle 
OBD to ABO and CBD, the angles ABD and OBC are equal ; 
and also BCO and ADB, both standing on the arc AB, eqoaL 
Therefore the triangles BOC and BDA are similar ; and BC is 
to OC as BD to AD ; and consequently the rectangles under BC 
and AD and BD and OC are equal. 

The sum, therefore, of the rectangles ABCD and BCAl^ is 
equal to the sum of the rectangles BD'AO and BD'CO, or to the 
single rectangle under BD and the sum of ^O and CO; that is, 
to the rectangle under the diagonals BD and A C, as stated. 

Cor. 1. If one of the diagonals AC becomes a diameter, the two 
triangles ABC and ADC become right-angled. Hence, the 
sum of the rectangles under the opposite sides of two right- 
angled triangles, on opposite sides of a common hypothenuse, 
is equal to the rectangle under the hypothenuse and the line 
joining the Fertices of the right angles. 
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23. The Greater Segment of a Line divided in Extreme 
end Mean Ratio being also Cvt trj the Same Hatio, itt 
greater Sfgment ia equal to the less segment of t}ie first 
divided line. 

Let AB be the line supposed first divided at 0, so th&t the 
rectangle under AB and BO be 
eqiul to the square of AO, or that 
the whole line AB be to the greater 
segment AO as AO is to the lese 
segment BO. On the segments AO 
and£0, suppose sqnares AOAfi^, 
and BOBfi^ constructed, and 
the upper side Ofi, of the lees 
square BB^ produced across the 
square AA^. Then, since fiO, is 
equal to BO, and the rectangle 

under AB and BO is equal to the square AA^ on AO, the rect- 
angle AO, under AB and BO, is equal to the square AAy Take 
from both the unshaded rectangle A£,, and the remainders, tberect- 
aiigleS,0, and the square ££, are equal. But the aide ^,0, of 
the square AA^ is equaj to Afi; and therefore the rectangle 
^OA^■Afi^ is equal to the square of OB,, that is, the tine OA^ is 
cut at£, in extreme and mean ratjo. Bnt O^, is equal to the 
greater segment AO of AB. Therefore, OB, is equal to the 
greater segment of AO ho cut, aud is equal to the less segment 
BO of the line AB, oi atated. 

Cor. 1. Hence, it follows that, if the greater segment of AO, 
namelf, OB, were cut in extreme and mean ratio, its 
greater segment would be equal to the less segment A^B^ of 
AO ; and SD on, if the division were continued in snccession 
on all the greater segments, a series of greater segments 
in a continued proportion would be obtained, each greater 
term in aaj place in the series being equal to the less 
■egment of the preceding term. MoreoTer, each less term 
becomiiig, in the next step, a greater segment, it is evident 
tikat the series of less terms is also in continued propor- 



COR. S. The difFerence of the squares of the segments of a line 
oat in extreme and mean ratio is equal to the rectangle 
under them. For, since the rectangle Bfi^ is equal to the 
square BB., the difference of the squares AA, and BBj is 
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equal to the difference of the square AA^ and the rectangle 
B^Oj^ ; that is, to the unshaded rectangle AB^, which is, 
evidently, the rectangle under the segments AO and 
BO. 

Cor. 3. Also, the rectangle under the whole line and the 
difference of the segments is equal to the rectangle under 
the segments. This follows from the preceding corollary. 
The difference of the squares of the segments is (Theor. 6, 
Chap, V.) equal to the rectangle under their sum and 
difference. But the sum is the giren line. 

Cor. 4. The sum of the squares of the whole line and less seg- 
ment is equal to three squares of the greater eiegment. 
For, the square of the sum is equal {Theor. 3, Chap, F.) to 
the sum of the squares of the segments with two rectangles 
under them. Therefore, the sum of the squares of the 
whole line and less segment is equal to one square of the 
greater segment, two squares of the less and two rectangles 
under the segments. But these two squares and two rect- 
angles form double the rectangle under AB and BO^^ which 
is equal to the square AA^, Therefore, the sum of the 
squares of AB and BO is equal to three squares of AO^as 
stated. 



COMPOUND RATIO. 

Compound Ratio is used in geometry to express 
the relations of magnitudes as to quantity which cannot 
be directly represented by a simple ratio. To a 
certain extent it is an arithmetical measure of this 
relation, and involves the multiplication of fractions. 

Its principle is, that between the two terms of a 
simple ratio one or more other magnitudes may be 
introduced, repeated as consequent and antecedent, 
and thus the ratio be converted into one compounded, 
for the several simple ratios of which other equal 
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ratios may be substituted in different terms. Thus, 
whan only one magnitude is introduceii, there may be 
four terms in the compound ratio ; when two, there 
may be six, and so on. 

For inst ince/if the ratio of two magnitudes, A and 
By has to be compounded, the mjignitude X may be 
placed between them as consequent to A first, aad 
then antecedent to B ; and then we say that -4 is to -B 
in a ratio compounded of ^ to X and XtoB. Then, 
again, for these two ratios we may substitute their 
equals, and say that A is to B in a ratio compounded 
of P to Q and li to 5, these latter ratios being equal, 
respectively, to those of ^ to X and X to B. 

In like manner, a simple ratio may be converted 
into one compounded of any number of simple ratios. 
Between A and B let three magnitudes be placed, 
repeated as consequents and antecedents. Then, if 
X, Y, Z be tliese magnitudes, A is to B, in a ratio 
compounded of ^ toX, Xto Y, Y{oZ,an(lZtoB; and for 
these ratios we may substitute others equal to them, 
but in different terms, such as B to Q, li to aS, T to 
Uy and Fto W. The rule thus exemplified applies to 
any number of interposed magnitudes. The result 
is the same, namely, that in the compounded ratio the 
traces of the original magnitudes compared sometimes 
disappears. 

Duplicate Ratio is a particular case of compound 
ratio, in which two equal simple ratios are com- 
pounded into one; as, for instance, the ratio of a to 6 
compounded with the ratio of a to b. But it is not 
necessary that the second ratio should be in the same 
terms, a and 6. An equal ratio in different terms may 
be substituted for it. The two ratios thus com- 
pounded being equal, there is a doubling of the ratio, 
not by addition, but by repetition in tlie compound- 
ing. Hence the ex|)re8sion " DupHcate Ratio." 

But duplicate ratio may be considered in another 
point of view. When three magnitudes are in con- 
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tiDued proportion^ since the first is to the second as 
the second to the thirds there are two equal ratios, 
which^ if compounded, must give a duplicate ratio, 
namely, the ratio compounded of the first to the 
second of the three proportionals and the second to 
the third. As the second magnitude in the com- 
pounding is repeated as consequent and antecedent, it 
may be dropped out, the result being the simple ratio 
of the first to the third. But that ratio is the result 
of the duplication of that of the first to the second. 
Hence Euclid's definition of duplicate ratio : — 

" When three magnitudes are proportional, the first is 
said to have to the third a duplicate ratio of that 
which it has to the second." 

SuBDUPLiCATE Ratio is the ratio obtained by 
reversing the process described above, going back from 
a ratio viewed as duplicate to the original ratio from 
which it could have been produced. Hence the term 
'^ ^i/^duplicate." And, as such, it may be defined 
in terms corresponding to that of duplicate ratio, 
thus: — 

When three magnitudes are proportional, the first is 
said to have to the second a subduplicate ratio of 
that which it has to the third. 

Or, it may be otherwise defined : — 

The subduplicate ratio of two magnitudes is the ratio 
of the first magnitude to their mean proportional. 

Triplicate Ratio is similar to duplicate, but is 
compounded of three equal ratios. And, as when four 
magnitudes are proportional, there are three consecu- 
tive equal Ratios, the first must be to the fourth in 
a ratio the triplicate of that of the first to the second. 
And. so on, if there be five proportionals, the first is to 
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the fifth in the Quadruplicate ratio of the first to the 
second; and if there be six proportionals there will be 
a Quintuplicate ratio^ and so on. 

Ratio ex Equ all— This is another compound 
. ratio, which, as regards lines arranged in regular order 
in two series, will be best understood by putting its 
statement into the form of a theorem. 

24. 1/ tlisre he Two Series of Magnitudes^ an Equal 
Number in Each, and the First Magnitude be to tJie 
Second in tlie First Series as the First to the Second in the 
Second Series^ and tlie second be to the third in the first 
series as the second to the third in the second series ^ 
and so on, each magnitude in the first series to that 
immediately following as tlie corresponding magnitude in 
the second series^ Sfc. ; t/ien, ex equali, the First is to the 
Last in the First Series as tlie First to the Last in the 
Second Series. 

From the point O of intersection of any two directives X and 
y, take on X distances OA, 
Aiif BC, and CD, to repre- 
sent the magnitudes in order 
of the first series, and take 
also on F other distiEinces OA^, 
A^B^, B^C,, C^D^, represent- 
ing in order the m^nitudes 
of the second series, and let 
the joining lines AA^, BB^^ CC^, and DD^ be supposed drawn. 
Then, since OA is to AB as OA^ to ^iBy, the lines AA^ and 
BB. (Tkeor. 2) are parallel. Also, since AB is to BC as A,B^ is 
to BjC^ the lines BB, and CC. are parallel ; and, since BC is to 
CD as B^ Cj to C^D^. the Unes CC^ and DD^ are paraUel. There- 
fore, the lines BB^^, CC^, and DD^ are parallel to each other and 
each to AA^. But, CQ being a piarallel to Y meeting DD^ in Q, 
the two triangles OAA^ and CDQ are equiangular, and therefore 
OA is to CZ) as OA^ is to CQ, But the figure CQD^C^ is a 
parallelogram, and therefore CQ is equal to Cj^Dy Therefore, 
OA is to CD as O^^ is to C^D^^j that is the first magnitude OA 
is to the last CD in the first series as the first OA^ is to the last 
C^D^ in the second series, as stated, 

N.B. — It should be noted, as regards this demonstration, that 
the equality of thn ratios of the first to the last in the two 
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wrim depends on the lirea AA,, BB,, CC, and DD, being 
parallel ; rijiii tt.it p. rJit l.am ilrpendp on raj , p^:r of tliC tingle 
raiicB bein^ eijual. If anr one pair of the singic r.-tis nere not 
equal, an':li as vIB to BCand ^,6, to B,C,. ti.e transverse lines 
BB, and CC, «i.uUl not be Loth i»rjlel to AA,; ai^d coo- 
seqa«r.ti;r the triar^iles OAA, and CDQ wout.l not be siDuUi-. 
tad the ratios of tLe first and last in the two series not equal. 

25. 77ie DtipUcaU Ratio of two Equal Hatios are 



JJidug the 




before, let the tvo eqnal 
siu;] le rali<s be those of OA 
toAB»»d CM to. 4, B,, and 
suppose BC xnd B,C, to be 
the third proportiooabi to 
OA and AB, f.l„ and A,B. 
respectively. Theii,tbedupl>- 
catc ratios .f OA to AB and 
OA to AjB, are the ainiple 
raliosofO^ to fiCand 0/1, to B,C,. But, sinc^O.^ is to -ifiaa 
OA, to A,B,. the tranBreree lines AA, and BB, are {Theor. 2) 
parallel. Also, since /IS Js to BCas ^,B, is to B,C the lines 
BB, and CCj are parallel; and, therefore, CC, is [aiallol to ^.4,. 
But, BR beiKg a line parallel to 1* meeting CC,, the figore 
BKC,B, is a f arallelo^ani, and BR is equal to £,C,, Hnd the 
triangles OAA, and BCR are similar. Therefore. OA ia toBC 
fts OA, is to BR. But BR is equal to B,C,. 'J'hercfore, OA is 
to SC as OA, is to B,C, ; and the duplicate ratios of the equal 
ratios of OA to AB and OA, to A,B, are equal, us ifalei/. 

26. Tlie Duplieale Ratio of Two Lines is the ratio of 
their Squares. 

Let AO and BO be the lines placed la dirtctaiti, and y1£^,B, 
the squnre on AB. Let, alao, 00, be 
a parallel throngh O lO .4B,, meeting 
the diagonal -4^ in />, ntid Qy. a 
parallel through D to .4B. Thus, the 
square is divided {Theitr. 20, Chap. 
III.) into the two squnres AD and 
^,Z> of AO and BO about ihu diagonals 
and the two rectangles OQ, and 0,Q 
under ^O and BO. But the <tuplicate 
^ u ratio of ^0 to BO is (/Je/I) the ratio 

compounded of AO to BO and j40 to 
BO. But, also, since B(j, is equal to AO, and ^,Q, equal to BO, 
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the duplicate ratio of AO to BO is the ratio compounded of AO 
to BO and BQ^ to A^Q^. But, since QQ is parallel to AB, AO 
is to BO as the square -4Z> to the rectangle OQ^ ; and, since 00^ 
is parallel to A^B^ BQ^ is to Q^A^ as the rectangle OQ, is to the 
square A^D. The rectangle 0Q^^ thus occurring as consequent 
and antecedent, may be dropped out, and the duplicate ratio of 
^0 to BO becomes the ratio of the squares of ^0 and BO, a» 
stated. 

Reverse. — The Suhdvplirate Ratio of Two Squares is the ratio oj 
their sides. For, the subduplicate ratio of the two squares is 
{Def.) the ratio of the first square to the mean proportional to 
the squares. But this mean proportional ( Theor. !20, Cor. 6) is the 
rectangle under their sides. Therefore, the subduplicate ratio of 
the squares AD and A^D is the ratio of the square AD to the 
rectangle OQ^. But this ratio, since the square and rectangle are 
between the same parallels, AB and QQ^, is the ratio of AO to 
BOj the sides of the squares, as stated. 

27. T/te Areas of Equiangular Parallelograms are to 
each other in a Ratio Compounded of the ratios of their 
Sides. 

LetABA^B^ and CDC^D^ be the equiangular parallelograms, 
and suppose them so placed that the 
sides AB and CD be in directum. Tlien, 
since the angles B and D are equal, the 
sides A^B and C^D are also in directum. 
Let, also, B^A^^ and D^ C be produced 
to meet in O. Ihen the figure DCOA^ 
is a parallelogram equiangular with 
AA^ and CC^. Place, now, this paral- 
lelogram DO for a compound ratio 
between A A, and CC^ ; and the ratio 
of AA^ to CCj becomes a ratio com- 
pounded of AA^ to DO, and DO to CC^. But AA^ is to DO 
(Theor. 13) as AB to CD ; and DO is to CC^ as A^B to C^D. 
Therefore, the parallelograms AA^ and CC^ are to each other in 
a ratio compounded of AB to CD and A^B to C^D, as stated. 

Cor. 1. Hence, if the angles B and 1> become right angles, the 
ratio compounded of AB to CD and A^B to C^D becomes 
the ratio of the rectangle under AB and A^B to the rect- 
angle under CD and C^D; and, consequently, as regards 
lines, the ratio compounded of two given ratios is the ratio of the 
rectangle under the antecedents to the rectangle under the 
consequents. 
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Cor. 2. Hence, also, since triangles maybe considered thehalTes 
of parallelograms, if two triangles have an angle in each equal 
their areas are proportional to the rectangles under thdr sides 
about the equal angles. 

28. Arcs of Unequal Circles are to each other in a 
Ratio Compounded of the ratios of the Angles subtended 
by them at tlieir centres and of their Circumferences. 

Let AB, A^B^ be the two arcs of the circles R and i^, and 

RC a radius of the 
larger circle, making, 
with RA^ an angle 
ARC equal to the 
angle A^R^B^ in the 
circle R^ Then, the 
arc AB is to the arc 

i >*K^ _^^Bi -^1^1 ^^ * "^-^^^ com- 

pounded of AB tOilC, 
andi^eto^i^,. But 
the ratfo of arc AB to 
arc ilC is equal to the ratio of the angle ARB to the angle ARC; 
and the ratio of the arcs ilCand A^B^^ their central angles being 
equal, is {Theor, 15) the ratio of the circumferences of R and R^» 
Therefore, the ratio of the arc AB to the arc A^BA& equal to the 
ratio compounded of the ratios of the angles AuB and A^R^B^^ 
and the circumferences of the circles R, R^^ as stated* 

^1%. If a Transversal cut the Three Sides of a Tri' 
angle^ Two Internally and One Externally ^ the Segments 
of that cut externally are to each other in a ratio com^ 
pounded of the ratios of the segments of the other two 
sides. 

m 

Let ABC be the triangle cut by the transversal MLN^ and 
BM and CN joining lines. Then, since the triangles AMN and 
Bi\W have a common Vertex Af, and their bases are in direc- 
Iti7/i', these bases are to each other as their areas. That is, 
.'lA^ is to BN as the triangle AMN is to BMN. Put CMN 
between these two triangles for a compound ratio, and AN will 



* For the reason given in the foot-note, page 125, this compound 
ratio may be stated as a ratio compounded of the ratios of the central 
angles and of the radii of the circles. 
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be to BN in the ratio compounded of AMN to CMN, and 

CM]V to BMN, But AMN 

ifi to CMN as their bases 

AM and CM; and CMAT is 

to BMN (Theor. 16) as CL 

is to £Z ; that is, as the seg^ 

ments into which the line 

CB joining their vertices is 

divided at L. Therefore 

AN is to BN in the ratio 

compounded of AM to CM, 

mid CL to BL, as stated. 

The demonstration is exactly the same when the three sides 
are all cut externally. 




30. If Three Directives through the Vertices of a 
Ttiangle meet in a Point and cut tlie Opposite Sides, the 
segments of any one side are to each otiier in a ratio 
coffipounded of the ratios of the segments of the otiier two 
sides. 

Let ABC be the triangle (Fig. 1), and AL, BM, and CN 
the three directives meet- 
ing at O. Then, since 
An is the line joining the 
vertices of the two tri- 
angles ^OC, BOC, stand- 
ing on the common base 
OC, the ratio of AN to 
^A^ is (Theor, 16) the 
ratio of tne triangles i40C 
and BOC. Place the tri- 
angle AOB between these 
triangles for a compound ratio, and AN will be to BN in a ratio 
compounded of AOC to AOB, and AOB to BOC. But AOC is 
to AOB {Theor. 16) as CL to BL, and AOB to BOC as .4Mto 
CM. Therefore AN is to BN in the ratio compounded of AM to 
CM and CL to BL, as stated. 

The second Figure illustrates the above demonstration for the 
case of the point O being outside the triangle when two of the 
sides CA and BC are cut externally. 




Fig. 1. 



Fig. 2. 



31. The Areas of Similar Triangles are to each otiier 
in t/ie Duplicate Ratio of their homologous Sides, 
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Let ABC and A^B^C^ be the two similar triangles. Then, 

being the halves of equi- 
angular parallelograms, they 
are to each other in a ratio 
compounded (Tkeor. 27) of 
the ratios of tbeir sides about 
the equal anoles C and Cp 
that is, in a rfttio compoanded 
of AC to iljCj, and BC to 
^jCj. Bnt, the triangles being similar, the ratio of BC to B^C^ 
is equal {Theor. 3) to that of AC to A^C,. The compound ratio 
thus becomes the ratio c .mpounded ot the equal ratios of AC to 
A^C^, and AC to A^C^, that is, the duplicate ratio of the 
homologous sides AC and A^C^, as stated. 

EucuD's Proof.— Let ABC and A^BC^ be the similar triangles, 

and CI) a line from the vertex 

of ABC cutting off from AB 

^. a segment BD^ a third pro- 

X %. portional to AB and A^B^, 

/ li^ Ctjs. Then, i45 isto ^j^i as i4jiJj 

/ \^ Ms. is to BD. But ^^ is also to 

/ Piv yiili ^j^iasBCisto^^Cj. There- 

^ ^^^'^^ /ii::==:^iiHii\ forc BC Is to B^C^ as A^B. is 

-A o a Am at ^ ^D xhe two triangles 

A^B^C^ and BCD conse- 
quently, having the angles B and B^ equal, and the sides about 
these equal angles reciprocally proportional, are {Theor, 17, 
Cor. 1 ) equal in area. 

The ratio, therefore, of the triangle ABC to A^B^C^ is equal 
to that of ^iSCto BCD. But these triangles, having a common 
vertex C, and standing on portions of the same directive ABy 
are (Tlieor. 13) to each other in the ratio of AB to BD, that is, 
in the ratio of AB to the third proportional to it and A^^B^, or 
iu the duplicate ratio of the homologous sides, AB and Aj^B^y as 
stated. 

32. Similar Polygons may be Divided into Similar 
Triangles J equal in number ; and their Ilomoloffous 
Diagonals are proportional to their homologous sides. 

Let ABCDE and A^B^C^D^E^ be the similar polygons, and 
from any p;iir of corresponding points, A and ^„ suppose the 
diagonals AC^ <4Z>and A^C^^ ^lA clrawn, dividing the polygons 
into triangles. Then, since in the triangles ACB and A^C^B^ 
the angles B and B^ are equal, and the sides AB and BC, 
A^B^ and B^C^ are proportional, the triangles {Theor. 4) are 
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similar; and the diagonals AC and A^C^ are to each other 
in the ratio of the 
sides AB and A^B^ ; 
and, also, the angles 
ACB and A^C^B, are 
eqnal. Take these 
equal angles from the 
angles BCD and 
B^C^D^, and the re- 
mainders, the angles 
A CD And A^C^D^, are 
eqaal. And therefore, 

in the two triangles ACD and A^C^D^, the angles at Cand C^ 
are equal, and the sides, AC and A^C,, are proportional to CD 
and C^D^. Therefore the triangles are similar, and the diagonals 
AD and A.D. are proportional to DC and D^C^, and therefore 
to AB ana A^B^, And so on, all round the polygons, it can 
be proTed that they can be divided into similar triangles, and 
''hat th 4 diagonals are proportional to any pair of homologous 
sides, OS stated. 




33. The Areas of Similar Polygons are to each other in 
the Duplicate Ratio of tlieir homologous sides. 

Let ABCDE and A^B^C^D^B^ be the two similar polygons 
divided into similar 
triangles, as in the last 
theorem. Then, since 
each pair of homolo- 
gooB triangles, one 
from each polygon, 
are to each other in 
the duplicate ratio of 
their homolo^rous sides, 
they are in the dupli- 
cate Tiitio of any one pair of such sides, such tis AB and A^B^, 
The sum, therefore, of all the antecedent triangles, the lirst 
polygon, is to the sum of all the consequent tiiangles, the second 
polygon, in the duplicate ratio of AB to A^B^, or of BC to 
B^CJy or of any other pair of homologous sides of the two 
polygons, as stated. 

Cob. 1. Hence, since two squares are Bimilar figures, each di- 
visible into two similar triangles, it follows, as has already 
been {Theor, 26) proved, that they are to each other in 






142 SLBMENTART G£OM£TRT. 

the dnplicate'ratio of their sides, or that the duplici^te ratio 
of two lines is the ratio of their squares. 

34. If Four Lines be Proportional, the Similar recti- 
lineal Figwres described on them are proportionals 

Let AB^ A^B^, CD, CJ)^ be the four proportionals. THen 

the similar figures, Nos. 1 and 
2, on AB and A^B^ are (Jast 
Theor.) to each other in th£ 
duplicate ratio of AB to A^B^. 
So, likewise, the similar ^gwres, 
Nos. 3 and 4, on CD and C,i>j, 
are to each other in the dupli- 
cate ratio of CD to CjDj. Bat 
the duplicate ratios of two equal 
ratios {Theor, 25) are equal. 
Therefore the figures on AB and 
Afi^ are proportional to the 
figures on CD and Cji>^, as stated, 

N.B, — It should be noted that the figures 1 and 2, though 
necessarily similar to each other, are not required to be simiUr 
to figures 3 and 4, which, however, must be similar to each 
other, though of a different outline of angles and sides fr^^m 
figures 1 and 2. 

35. The Sum of two Similar rectilineal Figures^ Sim%^ 
larly Described an the sides of a RiglU-angled Trianglfiy 
is equal to tJie similar rectilineal figure similarly described 
on the Hypotlienuse. 

Let ACB be the right-angled triangle, and AB the hypothe- 

nuse ; and let the shaded figures, Nos. ^ . 2, 
.i^s. /> ^ and 3, be the similar rectilineal figures on 

the sides and hypothenuse. Then the 

figures Nos. 3 and 2, being similar, are to 

each other {Theor, 33) in the duplicate 

^ ^iw^^^^^^^ fl ratio of AB to BC ; which, since BD is 

^^^^^^S^ {Theor, 11) the third proportional to AB 

^^^^K and BC, is equal to the ratio of AB to 

BD, In like manner, it is proved, since 
j4Z) is the third proportional to AB aud AC, that the figure 
No. 3 is to figure No. 2 as AB to AD, Therefore the figure 



RATIO AND PROPORTION. — THEOREMS. 143 

No. 3 is to the sum of the figures Nos. 1 and 2 as AB is to the 
sum of AD and BD ; that is, as AB is to AB — a ratio of equality, 
08 stated. 

This may otherwise be thus proved. The figure No. 3 is to 
figure No. 1 in the duplicate ratio of AB to BC, that is (Theor, 
26), in the ratio of the squares on AB and BC, So, likewise, the 
figure No. 3 is to figure No. 2 as the square on AB is to the 
square on AC. The figure No. 3 is, therefore, to the sum of 
figures Nos. 1 and 2 as the square on i4B is to the sum of the 
squares on ^C and BC, But the sum of the squares Nos. 1 and 
2 is equal (Theor. 14, Chap, F.) to the square No. 3. Therefore 
the ratio of No. 3 to the sum of Nos. 1 and 2 is a ratio of 
equality, as stated. 

If the similar figures become similar polygons inscribed in 
semicircles described on the three sides of the triangle, and 
the sides in each, excepting the homologous sides which coincide 
with the sides of the triangle, increase indefinitely in number, 
decrease in magnitude, and are all equal to each other, the poly- 
gons tend to become equal in area to the semicircles ; and, when 
the sides become infinitely small, eventually become such. 
Hence it is inferred that the semicircle on the hypothenuse of 
a right-angled triangle is equal to the sum of the semicircles on 
the sides. 
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PROBLEMS. 



We now enter, by the introduction of ratio and proportion, on 
the widest poBsible field for the solution of problems on the 
elementary geometry of the directive and circle. The funda- 
mental problems are but a few, mostly taken from Euclid ; but a 
large number of exercises will be given at the close of the 
chapter embracing all the principles which it has been the 
purpose of this treatise to demonstrate. The elementary problems 
are those which follow : — 

1. 7*6 divide a given line OB in a given ratio. 

From the extremity O of OB draw at any angle a directive Y; 

and take on ifc, commencing at O, two 
distances OA^ and A^B^ equal to the 
given lines representing the given ratio. 
Then, join B. with B, and from A. 
draw A^A parallel to B^B ; and OB will 
be cut at A in the required ratio. 

For, eince AA^ and BB,a.Te parallel, 
the segments OA and ^4^ of OB are 
(Tkeor. 1) to each other in the same 
ratio as the segments OA^ and A^B^ 
of Y are, that is, in the given ratio ; 
and OB is divided, as required. 

Cor. 1. Hence, from any given line OB any assigned part may 
be cut off, such as a seventh part or an eleventh. The line 
OB has to be cut in a given ratio. And all that is necessary 
is to take on Y, any distance OA^^ and also another distance 
OB^j the same multiple of OA^, as OB is lequired to be of 
the part to be cut from it. Then, on joining B^ with B, and 
drawing a parallel A^A to BB^, the point A in which A^A 
cuts OB is the point of section required, and OA the 
required part cut off. 
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2. To find a fourth proportional to three given lines. 

Let X and Y be two directives meeting at 0; and take on the 
directive X two distances, OA and AB, 
equal respectively to the first and 
second lines ; and then take on Y the 
third given line OA , Join, then, A^^ 
with A, and from B draw (Prob, 10, 
Chap, II.) a parallel BB^ to A A ; and 
A^B^ will be the required fourth pro- 
portional. 

For, the lines AA^ and BB being 
parallel to each other, OA is (Theor, 1) 
to AB in the ratio of OA^ to A^B^ ; and 
therefore Afi^ is the fourth propor- 
tional, as required, * 

3. To find a mean proportional to two given lines. 

Let AP and BP be the two given lines placed in directum 
forming the line AB, Bisect AB at J?, 
and, with E as centre and RA as radius, 
describe a semicircle ACB on AB. 
Erect, then, at Pa perpendicular CP to 
^5 meeting the semicircle at C Then 
CP is the required mean proportional. 

For, since the triangle ACB stands 
on a diameter AB of the circle R, the 

angle at Cis (Theor, 12, Chap. II.) a right angle; and therefore 
the triangle ACB is a. right-angled triangle. But (Theor. 11) 
CP is a mean proportional to AP and BP, It is, therefore, the 
mean proportional required, 

4. To find a third proportional to two given lines APand CP. 

Place the two lines AP and CP at right angles to each other, 
and join A with C. Erect, then, 
a perpendicular at C to AC to 
meet AP externally at B. Then 
BP is the third proportional 
required. 

For, since the triangle ACB 
is right-angled at C and CP is 
perpendicular to AB, the two . 
triangles APC and BPC are 
similar (Theor. 11) to each other, and CP is a mean proportional 
to AB and BP, Therefore, BP is the third proportional to AP 
and CP, the two given lines, a$ required, 

L 
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6. Given the first and second terms of a series of magnitudes increasing 
in contintted proportion^ to find any assigned number of terms 
and their suin. 

Let AB be the given first term of the aeries, and erect at A 

and B lines AA^ and BB^ 
perpendicular to AB, the 
former equal to AB and the 
latter equal to the given 
second terra of the series. 
Join, then,i4j and 5,, and pro- 
duce the joining line A^B^ 
both ways, on one side inde- 
finitely, and on the other to meet BA externally at O. Join, then, 
A^ -with B, and from B^ draw a parallel B^C to A^B to meet the 
directive OE in C At C then erect a perpendicular CC^ to OE 
to meet OD^ in C„ and from C^ draw a parallel C^D to A,B to 
meet OE in Z), and then erect again a perpendicular DD^ to OE 
meeting OD^ in Z),. And, so on, continue the same construction 
until the perpendiculars CC^, DD^, &c., are in number equal to 
the required terms — drawing from the extremity D^ of the last 
perpendicular (suppose DDJ a, parallel D^ to A^B to meet OE 
in E, Then, the perpendiculars AA^, BB^, CC^ and 2>Z)j, &c., 
will be all the terms of the series, and ^4^ their sum. 

For, since AA^ and BB^ are parallel, AA^ {Theor. 1) is to BB^ 
as OA to OB. But OA is to OB as OA^ is to OB^, or, since 
A^B and B.C are parallel, as OB is to OC. Therefore OA is to 
OB as OB to OC, and OA, OB, and OC are three pro- 
portionals. But the ratio of OB to OC, since BB^ and CC^ are 
parallel, is equal to that of OB, to OC. ; which again, since B^ 
and C^D are parallel, is the ratio of OC to OD. Hence, OA, OB, 
OC, and OD are four continued proportionals ; and, since the 
triangles with their vertices at O are equiangular, AA^, BB^CC^, 
and DDj^ are in continued proportion, and CC^ and Di)^ are 
two of the terms of the series of which AA^ and BB^ are the 
first and second terms. And it is evident that, by continuing 
the construction, other terms may in like manner be had, each 
greater than the one preceding. 

Also, since AB is equal to ^-4^, the triangle ABA^ is a right- 
angled isosceles triangle, and the line A^ makes half a right 
angle with OE. Therefore, the lines B^C, C^D, and D^E make 
CHch half a right angle with OE ; and consequently BC is equal 
to BB,, CD to CC^, and DE to DD^, and AE is the sum of the 
four proportionals, as required. And the same construction holds 
good for finding the sum of any greater number of terms. Buf, 
since the series is one of increasing proportion, the sum of only 
a finite number of terms can be obtained. 
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6. Given the first and second terms of a series of magnitudes 
decreasing in continued proportion, to find any assigned numher 
of terms, and their sum. 

The construction and proof, in this problem, are the same as 
in the last. AB is the first 
term, and ^ -4^ is equal to AB, 
and BB^ is the second term. 
The dotted lines A^B, B^C, 
C^D^ &c., are all parallel to 
each other, and make each 
half a right angle with AO. 
Also, CC, and DD^ (in the 
Figure) are two of the pro- 
portionals so far found ; and 

AE is the sum of the four terms. If more than the four terms be 
required, the same construction must be repeated until the 
assigned number of terms be obtained. In this case, however, 
there is no limitation of the number of terms, the sum of which 
may be obtained ; as will be evident from the next problem. 




7. Given the first and second terms of a series of magnitudes 
decreasing ad infinitum in continued proportion, to find their 
sum. 




Let AB be the first term, and erect at A and B, as in the 
preceding problems, per- 
pendiculars A A. and BB^ A, 
equal to AB ana the given f^T**^*.^ s. 
second term. Join, then, 
A^ with B^, and produce 
A^B^ to meet AB exter- 
nally at 0. Then ^0 is 
the required sum of the 
series. For : — 

1st. Since, after the summation AD of the series up to 2), a 
distance has to be taken iromD on DO equal to DD^, and added 
to AD, and this addition has to be repeated with all the succeeding 
ternjs, the extremity of the sum up to any term of the series 
must progressively approach closer to O and eventually coincide 
with it. 

2nd. But the sum cannot, extend beyond 0. For, since AA^ is 
equal to AB, the ratio of AA^ to^O is a ratio of " lesser inequality," 
that is, a ratio in which the antecedent is less than tjie conse- 
quent. Therefore, since the triangles AOA^, BOB^, COC^, &c., 

L 2 
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are all similar, any term such as DD^ must be less than DO ; and, 
when added to the sum AD of the preceding terms, it must leave 
a remainder on DO, And this must hold good for every term 
added on in the successive summation to the end. The sum, 
therefore, cannot exceed ^O, but must be equal to ^0, as stated. 

Cor. 1. Hence it may be shown that the sum of the series is a third 
proportional to the difference of the first and second terms 
and the first term. For, since the triangles AOA^ and 
BOB^ are similar, ^0 is to BO {Theor, 3) as ^^^ is to BB^ ; 
and, therefore {by division), AO is to the difference of ^40 
and BO as AA^ is to the difference of AA^ and jBjB^. But 
the difference of ^10 and BO is the first term AB, and AAi 
is also the first term. Therefore the sum AO is to AB as 
AB is to the difference of AA^ and BB^, that is, to the 
difference of the first and second terms, as stated, 

8. Given the first and second terms of a series of magnitudes 
decreasing in continued proportion, to find their sum, every 
second term being subtracted from the preceding term. 

Let AB be the first term. Erect, then, at -4 a perpendicular 

AA^ to AB equal to AB, At B, then, draw 
downwards BB, equal to the second term, and 
also perpendicular to AB. Join, then, A^ with 
jBj ; and the distance AO cut off from AB is 
the sum required. 

For, since AA^ is equal to AB, the dotted 
line A^B makes half a right angle with AB; 
and the lines B.C, and C^D, parallel to it, 
also make each half a right angle with AB. 
Therefore, BC is equal to the second term 
B^B, and kC is the difference of the first and 
second terms. But, since AA^ is greater than 
AO, the line BC, which is equal to BB^, is greater than BO, and 
Cmust lie to the left of 0. In like manner, on taking CD equal 
to CC^, the point D must lie to the right of 0; and then, again, on 
taking to the left from D a distance equal to DD^, its extremity 
must lie to the left of 0; and the difference between the third and 
fourth terms will be added to AC, and give the sum of the first 
four terms. And so on, the process of adding on to the sum 
obtained at any stage the difference of the odd and even terms, 
may be continued, ad infinitum^ until the extremity of the sum 
reaches O without ending on either side of it. Hence ^O is 
the sum of the series, equal to the difference of the sums of the 
odd and even terms, ew required. 
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llius, if the second term be half of the first, the sum is two- 
thirds of the first. 

Cor. 1. Hence it is evident, as in the la^t problem, that the sum 
of the series is a third proportional to the sum of the first 
and second terms and the first term. For, since the tri- 
angles AOA^ and BOB^ are similar, AO is to BO as AA^ is to 
BBy Therefore (by composition) -40 is to the sum oi AO 
and BO as AA^ is to the sum of AA^ a,nd BB^, But the sum 
oi AO and BO is the first term AB, and AA^ is also the first 
term. Therefore, the sum -40 is to AB as AB is to the sum 
of AA^ and BB^, that is, to the sum of the first and second 
terms, as stated. 




9. To find tlie sum, ad infinitum, of the greater segments of a given 
line AB cut consecutively m extreme and mean ratio. 

Let be the point at -which the given line AB is cut in extreme 
and mean ratio, and OA^ 
and jBOj the squares on ^^ 
the segments AO and BO. 
Join, then, A^ "with Oj, 
and produce -4 J Oj to meet 
AB externally at Q. Then 
^Q is the sum of the 
greater segments, ad infi- 
nitum, and is equal to the 
sum of the "whole given 
line and its greater segment. 

For, since AO and AA^ are each equal to the greater segment 
of AB, and 00^ is the greater segment {Theor. 23) of 40 cut in 
extreme and mean ratio, the distance AQ (Proh, 7) is the sum of 
the greater segments. But, BB, is the greater segknent of OB, cut 
in extreme and mean ratio, and is equal to O^Q , Therefore, since 
the triangles 55jQ'and Qfi^A^^ are equiangular, and have their 
sides 5jB, and O^Q^ equal, their other sides {Theor, 10, Chap. III.) 
are equal; and consequently BQ is equal to AM., that is, equal to 
the greater segment 40. Hence, the sum oi the series is equal 
to the sum of the whole line AB and the greater segment 40, a« 
stated. 

Cor. 1. Hence it is evident that the sum of the less segments, ad 
infinitum, is the line OQ, which is evidently equal to the 
whole line AB, 
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10. To construct on a given line AB a polygon similar to a gii^en 

polygon AyB^C^D^E^. 

Divide the given polygon into the triangles A^B^C^^ A^C^D^^ 

Afi^E^^ &c., and de- 
scribe on AB a trian- 
gle ABC equiangular 
^i%\i A B^Cy Then, on 
the siae AC of the 
triangle ACB so con- 
structed, describe a tri- 
angle ACD equiangu- 
lar with -4, CjZ)^; and 
so on, describe on AD 
a triangle ADE equi- 
angular with A^D^E . repeating the construction for the requisite 
number of sides. Then, the figure ABCDE^ so constructed, is 
one of the required polygons, being divisible into as many 
similar triangles as A^B^C\D^E^ is divided into, and having 
{Tkeor. 32) its homologous sides and diagonals proportional 
to those of that polygon. 

N.B. — It should be noted that, since, in the construction, AB 
may be made homologous to any side of the given polygon as 
well SLQ A^B^, there are as many polygons that maybe constructed 
on AB^ all similar to each other, but not similarly placed, as the 
givcQ polygon has sides, all of different magnitudes, unless the 
given polygon has equal sides. And the constructed polygon 
for which the least side of the given one is made homologous 
to ABf will be the largest polygon, and that for which the greatest 
side is made homologous to AB will be the smallest polygon. 

11. To construct a polygon of a given area similar to a given polygon 

ABCDE. 

On any side AB of the given polygon construct {Proh. 2, 

Chap. IV.) 2k rectangle ^5^,5, equal 
to it in area. Then, on the siae A^B 
of this rectangle construct another 
RSR^S^ equal to the area given of the 
required polygon. Find, then, a mean 
proportional LM to AB and ItS^ and 
describe on it [last Proh.) a polygon, 
LMNOP, similar to the given one, and 
having LM homologous to AB. The 
polygon so described on LM is the one 
required. 

For, since the polygon on LM is to 
that on AB in the duplicate ratio of 
LM to ABj it \a to that on AB in the simple ratio of RS to AB^ 
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or in the ratio of the rectangle RRj^ to AAy But the rectangle 
AAj^ is, by construction, in area equal to ABODE, Therefore, 
the areas of the rectangle RR^^ and the polygon LMNOPj have 
the same ratio to the equal figures ABA^B^ and ABODE; and, 
consequently (Ax. 6, Chap, VI.), are equal to each other ; and 
the polygon on LMis the one required. 



EXERCISES. 

1. Draw a directive through a given point across two diverging 
directives so that its segments, measured from the point, cut off 
by the two directives have a given ratio. 

2. Draw a directive from a given point across three directives 
diverging from another given point, so that its intercepted 
segments have a given ratio. 

3. Draw from a given point a directive across two diverging 
directives so that their segments cut off from their point of 
divergence have a given ratio. 

4. Do the same, so that the rectangle under the segments 
cut off from their points of divergence be a given magnitude. 

5. Do the same, so that the area of the triangle formed 
by the intersection of the three directives be a given magnitude. 

6. From two given points draw two lines meeting on a given 
directive, and having a given ratio. 

7. Draw the same from two given points to meet on a 
circle. 

8. Given the ratio of two lines and the rectangle under them, 
find the lines. 

9. Given the ratio of two lines and the sum of their squares, 
find the lines. 

10. Given the ratio of two lines and the difference of their 
squares, find the lines. 

11. Given the ratio of two lines and their sum or difference, 
find them. 

12. Given the base, area, and ratio of the sides of a triangle, 
construct it. 

13. Given base, vertical angle, and ratio of the sides of a 
triangle, construct it. 

14. Given base, sum of squares of sides and ratio of sides of a 
triangle, construct it. 

15. Through a point within a circle to draw a chord so that its 
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segments at the point have a given ratio. Do the same when 
the point is without the circle. 

16. Prove that the square of the sum of any line and the less 
segment of that line cut in extreme and mean ratio is equal to 
five squares of the greater segment of the line. 

17. If a line two feet in length be cut in extreme and mean 
ratio, find the length of its greater segment. 

18. If the first term of a series 01 magnitudes decreasing ad 
infinitum in continued proportion be double the second term, what 
will be the magnitude of the sum of the series? 

19. Find the sum of the series if the second term be five- 
sevenths of the first. 

20. If a line drawn from a given point to a given directive be 
cut in a given ratio, the locus of its point of section is a directive 
parallel to the given one. 

21. If a line drawn from a given point to a given circle be cut 
in a given ratio, the locus of the point of section is a circle. Find 
its centre and radius. 

22. Prove that the directive through the given point touching 
one of these circles also touches the other circle. 

23. Draw a common tangent to two given circles, and prove 
that, if the two circles do not intersect, there are four common 
tangents ; and that these tangents in pairs meet at the points at 
which the line joining the centres of the circles is cut intemallj 
and externally in the ratio of the radii of the circles. 

24. Prove, also, that all lines drawn through either of these 
points (which are termed " the centres of similitude " of the 
tw8 circles) and terminated, each on the portions of the circles 
both convex to that point, or both* concave to it, are cut at the 
point in the ratio of their radii. 

25. Inscribe a square in a triangle, one of its sides being on 
the base of the triangle ; and prove that the rectangle under the 
side of the inscribed square and the sum of the base and 
perpendicular on the base from the vertical angle is double the 
area of the triangle. 

26. If two lines be drawn from the vertex of a triangle inscribed 
in a circle making equal angles with its sides, one terminated by 
the base and the other by the circle, the rectangle under 
these lines is equal to the rectangle under the sides of the 
triangle. 

27. A triangle being inscribed in a circle, prove that the line 
drawn from the point of bisection of the lower arc of which the 
base is a chord to either extremity of the base is equal to the 
distance of the centre of the circle inscribed in the triangle from 
that point, and also equal to the distance of the centre of the 
circle exscribed to the base. 

28. Prove, also, that the distance of the point of bisection 
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of the npper arc of the circle from either extremity of the basd 
id equal to the distances from that point of the centres of the 
two circles exscribed to the two sides. 

29. Hence, proye that, being giren base and vertical angle of 
a triangle, the locus of the centres of the inscribed circle, and 
the circle exscribed to the base, is a circle, the centre of which 
is the point of bisection of the arc of which the base is 
chord, and radius the distance of that centre from the extremity 
of the base. 

30.' Hence, also, prove that, with the same data, the locus of 
the centres of the two circles exscribed to the^two sides of the 
triangle is a circle, having the bisection of the upper arc of the 
circumscribing circle for centre, and the distance of that point 
from either extremity of the base for radius. 

31. Prove, also, that the rectangle under the distances of the 
centres of the inscribed circle and the circle exscribed to the base 
from the vertex of the triangle, is equal to the rectangle under 
the sides of the triangle. 

32. Prove, in like manner, that the rectangle under the dis- 
tances of the centres of the two circles exscribed to the sides 
from the point of bisection of the upper arc of the circimiscribing 
circle is equal to the rectangle under the sides. 

33. Prove that the angles subtended at the centres of the two 
circles exscribed to the sides of a triangle by the base are equal 
each to half the vertical angle of the triangle. 

34. Prove that the angle subtended by the base at the centre 
of the circle exscribed to the base is equal to half the sum of 
the base angles of the triangle. 

35. The sum of the radii of the two circles exscribed to the 
sides is equal to double the perpendicular from the bisection of 
the upper arc of the circumscribing circle on the base. 

36. The difference of the radii of the circle exscribed to the 
base and the inscribed circle is equal to double the perpen- 
dicular from the bisection of the lower arc on the base. 

37. The sum of the four radii of the three exscribed circles is 
equal to tiie sum of four times the radius of the circumscribing 
circle and one radius of the inscribed. 

38. The sum of the squares of the four lines drawn from the 
centre of the circumscribing circle of a triangle to the centres of 
the exscribed and inscribed circles is equal to three squares of 
the diameter of the circumscribing circle. 

39. If a circle be circumscribed to a trian£:le, and from the 
point of bisection of the arc of which the base is chord a per- 
pendicular be drawn to the greater side of the triangle, it will 
divide that side into two segments equal to the half sum and 
half difference of the sides. 

40. If the perpendicular be dropped from the point of bisection 
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of the upper arc on the same side, it will also divide that side 
into two segments equal to the half sum and half difference of 
the sides. 

41. Construct a triangle, being given its base, vertical angle, 
and sum of sides. 

42. Construct a triangle, being given its base, vertical angle, 
and difference of sides. 

43. Given the base, vertical angle, and radius of icscribed 
circle, construct the triangle. 

44. Prove that the portion of the base of a triangle included 
between the points of contact with the base of the inscribed 
circle and the circle exscribed to the base, is the difference of 
the two sides of the triangle. 

45. Given the difference of the eides of a triangle, and the 
radii of the inscribed circle and of the circle exscribed to the 
base, construct it. 

46. Prove that, if the external bisectors of the three angles of a 
triangle be produced to meet the opposite sides, the three points 
of intersection will lie on a directive. 

47. If a triangle given in species (that is, having given angles) 
has one of its vertices at a fixed point, and another vertex moves 
along a directive, prove that the third vertex will move along 
auother directive. 

48. If, under the same circumstances, the second vertex moves 
along a circle, prove that the third vertex will move aloug 
another circle. 

49. If m and n be two integer numbers, and a line AB be cut 
at a point so that J O be to BO inversely as m to w, prove that 
the sum of m times the perpendicular from A and n times the 
perpendicular from B on any directive is equal to (pi + li) times 
the perpendicular from on the same directive. 

60. If AB be cut externally at 0, the difference of m and n times 
the perpendiculars from A and B on the directive is equal (jn — n) 
times the perpendicular from 0, 
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Note 1.— Direction. 

The introduction into Elementary Geometry of a new idea, 
proposed essential as a basis of the science, can be justified only 
on the grounds of its being naturally recognized by the mind as 
a constituent part of our conception of space, and being, more- 
over, necessary to carry geometric reasoning to its legitimate 
conclusions. On both these grounds, tlie term " direction " 
has been used in this treatise to denote an idea overlooked by 
Euclid, namely, that of the quality which constitutes '^ straight- 
ness," in a right line, or the ** evenness " with which he de- 
scribes it to lie between any two of its points. " Straightness " 
and *' evenness " are words in common use, well enough under- 
stood in practice ; but, for the purposes of an abstract science, 
they must be limited to a distinct conception. And there is 
none so real, and so well adapted for that purpose, as aamene&s 
of direction throughout the whole extension of the line, whether 
it be finite of indefinite. 

As to the first ground mentioned above, by which the intro- 
duction of this idea may be justified, it is sufficient to show that 
direction is essential to our conception of space, and of a right 
line. Assign to any particular point of space a central position ; 
there is around that point— which may be considered the place of 
the spectator — an infinitude of directions, which are neither all 
above nor all below, neither all to the right nor all to the left, 
but all equally around. In each such direction a trace may be 
supposed made by the motion of a point ; and each such trace is 
a right line, whether it be finitely extended or indefinitely in 
opposite directions. In the former case the line has finite length, 
and may be termed a ** finite right line," or simply "line." In the 
latter, although the idea of length enters, sameness of direction 
throughout is its distinctive quality ; and no better term can be 
found to denote it than '\Directive," as a substitute for the old 
term ** Indefinite Right Line." 

Further, if there be an infinitude of directions around any one 
point of space, since all points of space are similar and similarly 
placed, there must be a corresponding infinitude of directions 
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around every other point. Also, to every one direction, from tlie 
first point, there must be a direction corresponding from every 
other point ; and this affords ground for including all such cor- 
responding directions, and the lines that represent them, under 
a common denomination. Suppose the term *' parallelism,'* be 
used to denote this quality ; then parallel lines, or parallel 
directives, should be defined : — directives which have the same 
direction ; the immediate consequence of which is, that parallel 
directives can never meet ; two right lines can intersect in only 
one point ; and only one parallel, or one perpendicular, can be 
drawn through a point to a given line. 

!Now, all this leads, without assuming Euclid's fifth postulate, 
by no means self-evident, to a simple proof of his Twenty-ninth 
Proposition, such as is given in this treatise. And this brings us 
to the second ground on which the introduction of this idea into 
geometry may be justified, namely, that it is necessary for the 
purpose of carrying geometric reasoning to its legitimate results. 
The question, then, is, did Euclid ever prove that proposition ? 
The answer must be : — He did not. 

After fixing the foundation of the geometric edifice on his 
Fourth Proposition, he advanced, without a flaw in the chain of 
reasoning, and after proving one converse^ to his seventeenth 
proposition. He proved that proposition ; and the next step 
was to prove its converse. A difficulty lay in the way. The 
converse could not be proved without a true theory of parallel 
lines derived from his definition that they *' never meet." Atthat 
stage of his progress the required theory was, on his own prin- 
ciples, not at hand ; and the converse was left unproved. He 
then advanced safely to his twenty-seventh and twenty-eighth 
propositions, and successfully proved that, if a line make equal 
angles with two other lines, these lines are parallel, that is, 
** never meet.' But a question presented itself. These lines 
being proved parallel, will every other line drawn across them 
cut them at equal angles ? This distinctive property had yet to 
be proved ; and he was^ led to his Twenty-ninth Proposition ; 
which he proved by his fifth postulate, which was the eonverse 
of his seventeenth proposition, which again could not be proved 
without the aid of the twenty -ninth, from which he had started. 
The reasoning was a palpable ** vicious circle," the petitio princtpU 
of Logic. It would have been much better had he assumed 
the twenty-ninth itself as his axiom. It is far more self-evident 
than his fifth postulate, and is itself the very expression of 
*^ direction ; " and, had he assumed it earlier, he would have 
proved his seventeenth, and its converse, and met no further 
difficulty in his "Elements.*' 

But it has been often said that Euclid's twenty-seventh pro- 
position, combined with an assumed principle that only one 
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parallel to a line can be drawn through a point, proves his twenty- 
ninth proposition. So it would, were the principle self-evident. 
But Euclid himself saw that, at the stage of his progress, up to 
the end of his twenty-eighth proposition, this principle was by 
no means self-evident, nor a necessary consequence of- his 
definition of parallel lines. Once proved that a transversal cuts 

garallel lines at equal angles, it is evident, but not before, 
ince, therefore, Euclid never proved this proposition, and some- 
thing must be assumed, either the proposition itself must be 
assumed as self-evident, or the principle of direction admitted 
from the very commencement of geometric demonstration. 
There is no other alternative. 

In confirmation of the above remarks may be adduced tha 
objection to Euclid's proof of his Twenty-ninth Proposition 
made, in the fifth century, by Proclus, a great mathematician and 
an admirer of Euclid. In reference to the Fifth Postulate, to 
which the proof is reduced, he observes, ** But, in our exposition 
of things prior to theorems, we have asserted that this postulate 
is not allowed by all to be indemonstrably evident. For, how 
can this be the case when its converse is delivered among the 
theorems as demonstrable ? For the theorem '' (the seventeenth) 
^* which says that the two internal angles of every triangle are 
less than two right angles, is the converse of this postulate." 

That he also had an insight of the root of Euclid's difiiculty is 
evident from the account he gives of the difference between 
intersecting and parallel lines, namely, that ** intersectors diverge 
infinitely from their point of intersection, and parallels do not." 
The writer of the article on Geometry in Brewster's ** Encyclo- 
paedia,'* clearly seeing the force of Proclus's objection, has made 
the Twenty-ninth Proposition itself the axiom on which to base 
the proofs of the propositions given in that article. 

There is another point in connection with this question which 
deserves to be carefully considered. It is commonly stated, 
and very generally believed, that Geometry, las an abstract 
science, is based upon definitions. This cannot be the case ; for 
the fundamental ideas of space, and point (and direction ?), are 
undefinable, being simple ideas. The best confutation of the 
prevalent opinion is the following quotation from the "Penny 
Cyclopaedia:" — 

"Those who would found geometry upon definitions entirely, 
may think that the difficulty of the theory of parallels arises 
from insufficient definition; but those who believe it to be 
deducible from real and positive convictions, having nothing 
arbitrary about them, must suspect that in this purely negative 
definition of parallels, we have not sufficiently described that 
very obvious relation of position which distinguishes parallelism 
from convergence, however short be the lines we image ta 
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ourselves, or hcfwerer little we thiDk of what will take place if 
they are produced." 

NoTB 2. — ^Pkoblehs. 

Problems are separated in this treatise from theorems on the 
ground that they contribiite nothing to the validity of the 
demonstration of theorems, but impede demonstration, and 
force the theorems ont of a natnral order of sequence. The 
objection is as old as the earliest centmies of the Christian era, 
and were strongly nr|;ed by Amanld. A theorem is a proposi- 
tion which states that a certain figure, as defined, whose 
bonndaries are lines, carved or straight, which have only length, 
no breadth, possesses certain properties. No drawing on board, 
skin, or paper, can accurately represent this figure. It is an 
ideal ; and the figure on skin or paper is only a rude picture of 
the ideal which is in the mind — sl mere help to the memory to 
keep attention fixed on the steps of the demonstration. The 
reasoning, therefore, in the proof of a theorem is purely 
hypothetic, that is, intended to prove that, if the figure on 
the paper be truly a triangle, as defined, or truly a circle, it has 
the alleged properties. It is not necessary that the figure be 
accurately drawn, or drawn at all, or even drawn in the imagi- 
nation ; if the true figure be anywhere, it possesses the properties. 
The roughest draft will answer for the proof, if we only suppose 
it to be the ideal figure. 

The actual construction, therefore, by a problem to find the 
bisector, for instance, of an angle, or the point of bisection of 
a line, or a parallel through a given point to a given line, cannot 
be necessary to the validity of any reasoning as to theorems into 
which these lines and this point enter. It is sufficient to know 
that they exist, and on that knowledge to take lines and a 
point like the realities to represent them, and then to carry on 
the reasoning. 

The hypothesis in all such cases may be either directly stated or 
implied. In the former case it is stated in the conditional form ; 
for example, " If ope side of a triangle be greater than another 
side, the angle opposite the greater side is greater than the angle 
opposite the less side." When the hypothesis is implied^ the 
statement would be, "The angle opposite the greater side of a 
trianfjle is greater than the angle opposite the less side." The 
hypothesis in this latter case is that the triangle on the paper is 
a rfrt/ triangle, as defined. 

Bub it is alleged, in defence of Euclid's method, that it was 
necessary to make problems precede his theorems, lest any line, 
arc, angle, or point supposed in the proof of a theorem should 



APPENDIX. 159 

not exist, or be impossible to find. There is reason to believe 
that Euclid, in this matter, acted under some compulsion — that 
the sophists of his day were over-strict, and would not allow 
him that there is a bisector of a given angle or a parallel 
through a point to a given line until, by the necessary con- 
structions, he had actually found them. It was a grave mistake 
on both sides ; and the very term " postulate," under which he 
included three elementary problem-constructions with two sup- 
posed elementary theorems, proves that he had to demand, and 
with difficulty obtain, these concessiohs from his brother philo- 
sophers. 

But the difficulty that he dreaded did not exist. The instances 
put forward in defence of his method are those of the impossi- 
bility of finding the trisector of an angle and two mean propor- 
tionals to two given lines. In the first place, this impossibility 
exists only in reference to the use of the Rule and Compass ; 
but, by the aid of other instruments, the impossibility can be 
removed, as is well known. But were it impossible, by any 
instrument, to trisect an augle or find two mean proportionals, 
we know, by putting* three equal angles together and by taking 
any four magnitudes in continued proportion, that there are two 
trisectors of every angle, and two mean proportionals to every 
pair of given magnitudes. And the consequence is, that we may 
draw a line and say, *' Let this be the trisector of the angle a," 
and, also, ** Let B and C be the required mean proportionals to 
A and D." 

And we can, further, in this way, prove theorems as to a 
trisector of an angle and two mean proportionals. We can 
prove the conditions necessary for the trisection of an angle, and 
the finding of two mean proportionals, which conditions may be 
stated in the form of theorems. 

But the case would be very different were it said, in the 
proving of any theorem, "Let OT be a tangent to the circle R 
from a point O within its circumference ; " or, in the case of two 
non-intersecting circles, say, " Let AB be their common chord of 
intersection." Everybody would see that the first hypothesis is 
the supposition of an absurdity, and the second a contradiction. 
But in all other cases, where no similar difficulties existed, he 
would admit that it was legitimate to say, "Let the line OA be 
the bisector or trisector of the angle o," or, "Let Y be the 
parallel from the point O to the directive X," or, " Letil/be the 
point of bisection of the line AB,^' without invoking the aid of 
any problem. 

But the evil of this method of demonstration did not end here. 
It led to a derangement of the natural order of demonstration of 
Euclid's theorems. Problems taking the lead in the demonstra- 
tions, the theorems, to use a well-understood illustration, had to 
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** Bhtmt ^' at conyenient stations to allow tbe problems to pass on 
and take the lead. The inevitable consequence was, that the 
natural order of demonstration of the theorems was deranged, 
and, as Antoine Amauld remarked of the geometricians, *' dis- 
regarding the rule of method of the day, which is always to 
begin with things the most simple and general, in order to pass 
from them to those which are more complex and particular, they 
confuse everything, and treat pell-mell of lines and surfaces, tri- 
angles and squares, proving, by figures, the properties of simple 
lines, and introducing a mass of other distortions which disfigure 
that beautiful science." 

For the reasons given above, the problems are placed at the 
ends of the several chapters, excepting the first, in which there 
is hardly material for a problem. And they are so placed, also, 
for another reason, that the true use of a problem is in Geometric 
Drawing practised on the basis of the principles taught in the 
theorems. 

Note 3. — ^Areas. 

A special chapter has been given to areas, with a view to 
assimilate the treatment of the right line and circle to that of 
the higher curves, conic sections, spirals, &c., and to impress on 
the student the distinction between the areas of closed figures 
and the figures themselves, which are mere outline or form. In 
the geometry of the higher curves, conic sections, for example, 
when the word ** ellipse" is used it is well understood that the 
term applies only to the curve, not to the area bounded by it. It 
has a plane area, but that area is no part of the ellipse proper ; 
and this holds good of the circle, which is but a particular 
ellipse. If Modern Geometry be right, Euclid's definition of a 
circle is wrong. He defines it, " A plane figure surrounded by one 
Une called the circumference." The plane area, then, is t?ie 
circle, and the circumference only the boundary. And this 
distinction as to all plane figures is frequently impressed on 
pupils learning Euclid ; for example, when they are told that 
the pupil is to observe that a triangle is the space bounded by 
the sides, and not the outline of the sides themselves. 

But it may be urged that the idea of an ellipse includes its area. 
If so, the ideas of the hyperbola and parabola, which are curves of 
the same order, cognate to the ellipse, must include their areas. 
But where are their ^eas? They have none but that which is 
infinite and inconceivable. Whatever view may be taken of the 
ellipse, it is plain that a hyperbola or parabola can be only a 
pure curve. The mistake consists in supposing that, because a 
curve encloses a space, it is no longer a curve. Then, as to other 
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curves, the question may be put : — Does geometry teach that the 
logarithmic spiral is an area ? 

Further, Analytic Geometry, to a knowledge of which the 
student of elementary geometry may arrive, confirms the views 
here maiDtained. There, the equation of a circle holds good only 
for the outline of a circle, and not for any point within or with- 
out it ; and, for that reason, it is called the eqtiation of the circle. 
And so for all other curves, ellipses, spirals, &c., their several 
equations hold good only for the curves, not for any areas. Is, 
then, the elementary geometry of the right line and circle to be 
in discordance with what the pupil has to learn in his after 
progress in Analytic Mathematics? It does not seem either 
right or expedient ; and for that reason we have carefully dis- 
tinguished between figures and their areas. In the fifth and 
sixth chapters frequently, for brevity- sake, the words ** rectangles " 
and "squares" are used to denote their areas; but the preli- 
minary observations, the context and the nature of the subject 
make the meaning quite evident. 



Note 4.— Theor. 7, Chap. V. 

This theorem might be proved from the first in this chapter, 
by supposing the sum of the lines in the latter to represent the 
sum of the squares in the former, and the difference of the lines 
to represent the difference of the squares, and by then applying the 
conclusion of the one to the other. But this would be, after all, 
but a covert way of demonstrating theorems algebraically ; for we 
have no ground, geometrically, to conclude that, because a 
certain theorem is true about Uries^ it must be necessarily true 
about other orders of magnitude — squares, or cubes. For this 
reason, and in order to have the demonstration strictly geo- 
metrical, a distinct and simple proof has been given of each 
theorem. 

Note 5.— Semichord of a Point. 

The expression " semichord of a point," and the line that it 
represents, requires some notice. It has been proved {Theor. 5, 
Chap, II.) that only one chord through any point within a circle 
can DC bisected at that point, and that (Theor. 4, Chap. II.) that 
chord is perpendicular to the diameter through the point. The 
chord, therefore, is unique, and lies symmetrically with reference 
to all chords through the point ; and its square, as proved in this 
theorem, is equal to the rectangle under the segments of these 
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chords. It deserves, therefore, a distinctive name, such as is 
here given — especially as it is marked by the peculiarity that it 
occupies the position in reference to a point within the circle 
that the tangent from a point without does in reference to that 
point, both having the common property that their squares are 
equal to the rectangles under the segments, internal or external, 
of all chords pasting through their points. The semichord is, 
for this reason, sometimes called the ^< imaginary tangent.^' 

Note 6. — SuBMxn.TiPLES. 

The example of Bishop Elrington, in his edition of Euclid, has 
been here followed in making the test of a proportion depend 
on the submultiples of the magnitudes involved ; and for the 
reason that it is the simpler test, more easily comprehended by 
the student. No doubt the submultiple test is open to the 
objection raised by its application to cases involving incom- 
mensurable quantities, from which Euclid's, though very difficult 
to realize in the abstract, is free. But, as Elrington observes 
in reference to Euclid's definition, ^' there is not the least 
resemblance between it and the common notions of similitude 
or equality of ratios." Moreover, as it is almost certain that 
Euclid wrote his ** Elements," not for boys, but for grown-up, 
hard-headed, thinking men, who could realize his definition, it 
is desirable to have the youth of the present age taught the 
doctrine of proportion by means of a definition more easily com- 
prehended, more like the reality, and, as Elrington says, 
*' nevertheless accurate." 

It is, however, desirable that every student of geometry 
should, if possible, thoroughly understand Euclid's test. If the 
suggestion thrown out in this treatise (page 111), of a truly 
geometric doctrine of proportion derived from that of parallel 
lines, be admitted here, merely for sake of illustration, as self- 
evident ; then the correctness of Euclid's test can be immediately 
made evident from it, as follows : — 

Let X and JK, in the figure, be two directives, intersecting at 
0, and AA^ and BB^ two parallels meeting them. Then, assum- 
ing, as suggested, that OA is to OB as OA^ to OB^^ we have 
four proportionals. The following theorem will then hold 
good. 

If four magnitudes be proportional, and any equimultiples 
whatsoever of the first and third be taken, and also any 
equimultiples whatsoever of the second and fourth be taken, 
then the equimultiples of the first and third together exceed, 
or are equal to, or are less than the equimultiples of the 
second and fourth. 
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Let OC and OC^ be any equimultiples whatsoever of the first 
OA and the third OA^ 
Also, let OD and OD be 
any equimultiples wnat- 
soever of OB and OB^ ; 
and let, also, the points A^ 
B, C, and D be joined 
respectively with ^4^, B^, 
Cj, and D^. Then, since 
OC is the same multiple 
of OA as OC, is of OA^, 

the line OC is to OA as OC, to OA^ ; and therefore CC^ is 
parallel to ^A* Also, since OD is the same multiple of OB as 
OD^ is of 0^„ the line DD^ is parallel to BB^, But (by the 
assumption) AA^ and 55. are parallel; and therefore AA^, 55., 
CC^, and DD^ are parallel to each other. Hence, the line Cu^ 
being within the triangle DOD^, the equimultiples OC and OC^ 
of the first and third are together less than the equimultiples OD 
and 0Z>^ of the second and fourth. Also, if CC^ coincide with 
DD^ (suppose on the dotted line), the equimultiples of the first 
and third are together equal to those of the second and fourth. 
But if CC^ change places with DD^^ then the equimultiples OC 
and OCj are together greater than OD and OD^. Thus the 
theorem is proved. 

Now, let the order of reasoning be reversed ; and the converse, 
Euclid's definition, will be established. For, suppose OA, OB^ 
OA^, OB^ not known to be proportional. If it be in any way 
ascertained that any equimultiples whatsoever, as previously 
stated, OC and OC^ of OA and OA^ together exceed, or are 
equal to, or less than OD and 02)^, any equimultiples of OB and 
OB^ — then CC^ and DD, must be parallel to each other, and 
consequently AA^ and 55. must be parallel, and OA, OB, OA^, 
OB^ be proportional, and tne foUowing statement hold good: — 

If there be four magnitudes, and any equimultiples whatsoever of 
the first and third being taken, and any equimultiples what- 
soever of the second and fourth being taken, if the equi- 
multiples of the first and third together exceed, or are equal 
to, or are less than the equimultiples of the second and 
fourth, then the four magnitudes are proportional. 

It should be noted that, since CC, and DD^ are parallel to 
each other, and also to AA^ and BB^, the excesses CD and CJ). 
of OD and OD. oyer OC and OC. are proportional to OA ana 
OA^, or to 05 and OB^, And this proportionality is but 
another form of the condition that the four magnitudes be 
proportional, for O, in that case could not pass D^ without C 
passing D, 
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It is, moreover, evident that, were Cj without D^ while C was 
within 2>, then CC, and DD^ should intersect ; and consequently 
• AA^ and BB^ could not be parallel to each other, and the lines 
Oil, OB^ OA^, OB^ could not be proportional. Further, though 
C and Cj were both within DD^, but CC^ not parallel to DD^j 
the magnitudes then also could not be .proportional. 

It may be well to have the above conclusions confirmed by 
Algebra. Let x, y, ar^ y^ represent any four magnitudes, such 
as OA, OBy OA^^ OB^^ not known to be proportional ; and sup- 
pose it required to determine the conditions necessary that they 
should be proportional. Then, m and n being any two integer 
numbers, and p and p^ the excesses of the multiples ny and ny^ 
over mx and wmt,, we have — 

(1.) nix = ny — p 
(2.) mx^^ny^^p^ 

Divide (1) by my and (2) by my^, and we have — 

X n p 

(3.) - = ~ 

^ "^ y m my 

(4.) £i-J!L_ft_ 

^ ^ yi m my^ 
Subtract these equations ; then — 

In like manner, dividing (1) by nx and (2) by nx^ we have — 

(6.) i_i^=i (P--PA 

^ ^ X x^ n \x x^J 

If, then, the four quantities be proportional, the conditions must 
hold good, namely — 



P ^1 and P Pi 

y Vi X Xj^ 




which may be thrown into the form — 




p _ X _y ^^P _mx __ 
Pi ^1 yi Pi ^^i 


ny 

ny. 



The interpretation of these two equations is evident. It shows 
that, in order that the four magnitudes should be proportional, 
the excesses CD and C^D, of OD and OD^ over OC and OC^ 
must be to each other in tne ratio of OA to OA^, and also in the 
ratio of OB to OB^^ and consequently that the four lines AA^, 
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BB^, CC^^ and DD^ must be parallel — ^the same result as that 
geometrically obtained. 

It is worth while to notice the several forms into which the 
tests of proportion may be thrown. Supposing OC, OD^ 0C\^, 
OD^ to be the four proportionals. Then, OA and OA^ are equi- 
submultiples of the first and third, OC and OC^. Also, OB and 
OB^ are equisubmultiples of OD and OD^. The lines AA^ and 
BB^ are also parallel to each other. Hence Euclid's test maybe 
converted into the following : — 

If there be four magnitudes ; and any equi^wftmultiples whatso- 
ever of the first and third being taken, and any equi^Mft- 
miQtiples whatsoever of the second and fourth being 
taken, if the equi^wfemultiples of the first and third together 
exceed, or are equal to, or are less than the equi^Mfcmultiples 
of the second and fourth, the four magnitudes are pro- 
portional. 

Similarly, the first test of proportion (Elrington's) given in this 
treatise (page 113) may be converted into a test by multiples, 
thus: — 

Four magnitudes are proportional when a multiple of the first 
contains the second as often as the equimultiple of the third 
contains the fourth. 

The second test given at page 114 may similarly be converted — 

Four magnitudes are proportional when- any equimultiples of the 
first and second are also equimultiples of the third and 
fourth. 

This is evident in itself, and is represented in the figure by 
making OA and OA^ the first and second terms of the proportion, 
and OB and OB the third and fourth, and by, moreover, 
supposing CC^ and DD^ to coincide. 

Note 7. — Incommensurable Quantities. 

The difiiculty as to incommensurable quantities in reference 
to proportion on the submultiple system ia more imaginary than 
real, caused by the impossibility of expressing, by means of our 
numeral system — or, indeed, by any numeral system — the 
magnitudes of certain lines which in geometry itself may 
be accurately represented. Nothing can be more simple and 
definite than the geometric relation of the diagonal of a 
square to its side or of the circumference of a circle to 
its diameter. Being given, in either case, one of the magni- 
tudes,, by a very simple construction the other is definitely found. 
Yet we cannot, in numbers, express accurately the magnitude of 
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the diagonal of a eqaare when the magnitude of its Bide is giyen 
in numbers, or the magnitude of the circumferenee of a circle 
when the numerical magnitude of its diameter is giyen. The 
difficulty arises solely from the inadequacy of number to repre- 
sent geometric magnitudes in all their relations. 

The consequence is, that in . certain cases it is impossible to 
express accurately in numbers the ratios of the antecedents and 
consequents in a proportion, and thus determine whether the 
ratios are equal. The difficulty is purely arithmetical. 

Referring to the same Figure as before (page 163), let OC, 
ODy OC^y and ODj be four proportionals ; and suppose that OC 
and OD are incommensurable, and OC^ and OD^ consequently 
similarly incommensurable. Take, then, any submultiple OA of 
OC and the equisubmultiple OA, of OC,^ and join AA^, Let, 
also, OA and OA^^ be taken on OJj and Ov^^ respectively as often 
as they will go. Then, since the pairs of magnitudes are incom- 
mensurable, there must be remainders. Let the distances xD, 
a5,Z)j of the extremities (which we may denote by the letters x 
and xj of the dotted line from D and 2>^ be these remainders ; 
and we have {First Test of Proportion) Ox to OC as Ox, to OC^, 
and the dotted line is parallel to both AA,9Jid CC^ Take, now, 
any equisubmultiples, however small, of OA and OA, ; they will 
evidently also go into Ox and Ox^ without remainaer ; and if 
they go any number of times into xD and iCjA, then the dotted 
line will be moved closer to 2)Z),. If they ao not go into xD 
and se.Dj, but are greater than them, then smaller submultiples 
must DC found by repeating continuiJly the division of the pre- 
ceding submultiples until the dotted line moves on gradaally by 
frequent divisions towards DD^^ and eventually coincides with 
it. Then the infinitesimal submultiple of the first OC is contained 
in the second OD as often as the infinitesimal equisubmultiple of 
the third OC^ is contained in the fourth OD^ ; and the test holds 
good. 

There is really no difficulty in this application of submultiples 
which an ordinary student cannot master. An infinitesimal 
cannot be pictured ; but it is conceivable. And it can, moreover, 
be understood that infinitesimals have difierent magnitudes ; for, 
in the illustration here given, it is evident that the submultiples 
in their successive divisions maintain the ratio to each other of 
OC to OCj. 
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'I'me Platonicians of old wrote over their school an inscription 
forbidding any to ent«r who were not geometricians. This, to 
use a modem term, was their condition of matriculation. It is 
related of Xenocrates, also, that he refused a young man, who 
was ignorant of geometry, astronomy, and music, admission to 
his cksses, on the ground that he had not the '* handles of philo- 
sophy." There must have been some deep conviction in the 
minds of such great thinkers as to the educational value of these 
sciences, lost sight of in' modem times, which impelled them to 
seek such qualifications in their pupils. Whatever the convic- 
tion was, it holds good of general education, as well as of philo- 
sophic ; for every educated gentleman is, in his degree, a 
philosopher — ^the learned few of antiquity liave become the 
educated many of these days. The love of knowledge is common 
to both. True philosophy is education ; and all education should 
be truly philosophic. But what did these Greeks mean when 
they declared the geometric sciences **X«)3dc elvai ^tXoao^tac?** 
Assuredly, that they open the eyes of the mind and enable it to 
see beauty and order, where otherwise all would be confusion. 
Astronomy, as the ancients studied it, was but little more than 
the geometry of the sphere, applied to a few material bodies 
moving in space looked at from this earth as a central position. 
Music is harmony, the order of sounds, with which the soul 
sympathizes. And to these may be added, as another philosophic 
*' handle," arithmetic, the science of number, which, taken in 
both its abstract and concrete forms, together with geometry, 
embraces the whole range of the Pure Mathematics. Indeed, 
in these days, the importance of arithmetic is not questioned. 
From the infant-school to the pinnacle of a fellowship, it rules 
as an essential of education with undisputed sway. But this 
high estimate of its value is due much more to its being a handle 
of commerce than of philosophy. Commercial arithmetic, 
however, has its educational aspect; and Mammon, in his own way, 
although indirectly, has helped to make the philosopher. It is 
the science of nimiber, and the earliest educator of the reason. 
It lifts man from the condition of the savage, who can describe a 
multitude only by pointing to the hairs of hiis head. It converts 



168 ' ELEMENTARY GEOMETRY. 

the chaos of units into an orderly host. There ought to be a 
similar power in Geometry to bring beauty out of disorder. It is 
the science of Form ; and, inasmuch as form comprehends most 
that is beautiful and attractive to the eye — most of what is 
charming in imagination, which might well be described as 
departed vision recalled to life and ethe realized — ^its influence 
ought to be greater than that of arithmetic — greater, were it buU 
rightly apprehended and taught in, at least, all mental training, 
the aim of which is refinement. 

And geometry, in its first stages at least, ought not to be hard 
to learn. There is the eye to help — an advantage which arith- 
metic, easily learned enough, does not, to the same extent, 
possess. The student has his handle as well as the philosopher ; 
and he who would teach him rightly must take him by the right 
handle. Truly, there are fewer dunces in this science than is 
commonly imagined. There are some persons who are incapable 
of learning any abstract science ; there are others that can push 
through every one of them with gigantic strides ; but the vast 
majority — average human nature — are capable of perceiving the 
relations of form as they are those of number, or of enjoying 
the harmony of sounds. It has been often said that geometry is 
valuable in training the mind to reason accurately, and no doubt 
it is ; but we must remember that its proper function is not to 
teach logic, but the relations of form' and figure. And, even as 
to the culture of the reasoning faculty which it affords, he who 
pursues it on account of form and figure will derive more advan- 
tage from it as a reasoning exercise than he could through any 
indirect motive. 

But, in order to enter on the study of geometry with a 
prospect of success, the class of pupils who constitute the 
01 voXKoi of our schools must begin with their eyes, not with 
intricate reasoning processes. There must, from the commence- 
ment, be reasoning ; but it should be of the simplest kind, con- 
cerned about the relations of lines, angles, &c., which can be 
made vjsible, as it were. Education in geometry naturally 
divides itself into two stages — the first, where the reasonings are 
simple, and sense plays an important part ; the second, where 
geometric facts have accumulated, imagination has displaced 
sense, and the reasoning has become more varied, abstract, and 
complex. The latter is True Geometry, the former, the 
scaffolding, which may be cast away when once the edifice is 
erected. 

But all elementary treatises on geometry are, more or less, 
scaffolding. There is, first, the foundation laid in the defini- 
tions, as to which great care should be taken that they be pro- 
perly explained and well illustrated by a reference to popular 
examples, in order that the beginner may not, at the outset, be 
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thrbwn into confusion by misconceptions. This should be done 
on the gallery, with the aid of a black-board, or of diagrams, 
and not by the old-fashioned method of giving tasks to be 
learned by the pupil previous to explanation. The basis being 
thus laid, a few apparatus will wonderfully help the young 
geometrician as he approaches the theorems. It seems almost 
puerile to speak of a few rods, models, or diagrams, as of value 
in teaching this abstract science in schools; but the truth is, that 
those who would teach children must become as children, and 
descend from the high dignity of abstraction, even though 
geometry be offended. The appliances may be vulgar, but the 
end will justify the means. 

Taking this view of his art, the teacher will do well to have 
models of triangles and polygons in wood to exemplify and 
illustrate all demonstrations which are effected by superposition 
or juxtaposition. The principle of superposition is invaluable, 
for it is an appeal to the eye as well as to the reason ; and, when 
applied in this way by a skilful teacher, it presents no diflficulty to 
most pupils. Juxtaposition, used in the third chapter of this 
work, is even more valuable. It prevents, at least, that confu- 
sion of the pupil's mind which, in superposition, is frequently 
caused by one of the two things made to coincide being lost for 
the moment to the eye. In juxtaposition the appeal is to the 
isosceles triangles, which are created by it, as exemplified by the 
Theorems 8, 9, and 10 of the third chapter. The isosceles tri- 
angle is useful for these visible demonstrations. To turn it to 
good account the teacher should have a model circle cut in hard 
wood, divided and hinged in the line of a diameter, to illustrate the 
theorems of superposition, the first and second of the second 
chapter, that equal arcs of the same circle have equal chords and 
subtend equal angles at the centre ; and that a perpendicular from 
the centre on a chord bisects the chord and the arc, and that the 
radii to the extremities of a chord make equal angles with it. 
There should be also, a parallel ruler on a large scale to illustrate 
the properties of parallel lines and parallelograms ; and a paral- 
lelogram in hard wood, divided along a diagonal and hinged so 
that the two triangles into which it is divided may be placed 
over each other, or unhinged, to exhibit, separately, the two tri- 
angles of which it is composed. By these means, and a few trans- 
versals, theorems on parallel lines may be illustrated. Models 
also, to illustrate Theorems 8, 9 and 10 of the third chapter 
are desirable, hinged along the line of juxtaposition of the tri- 
angles. The equality of the areas of figures, as set forth in the 
theorems of the fourth chapter, may also be illustrated by such 
models — also the equality of the areas in th6 several cases of 
triangles, and those of segments and sectors of circles. 

The extent to which this teaching by models may be carried is 
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aa important question. The danger is that it may be made a 
substitute for the strict reasoning process which is essential to 
geometry. Their proper use is to open the eyes, and, -therefore, 
for that reason, they should be confined to the first chapters of a 
treatise on the subject. After that stage, the imagination is 
brought more into play, the reasoning becomes more and more 
abstract, and the hypothetic character of the conclusions are 
better understood. The judicious teacher, if his method be 
good, will feel his way in any case of real difficulty. The 
principle is one and the same for all, namely, in the first ^cents 
of the geometric ladder, to keep the eyes open, and that once 
done, not to offend the reason. 

But some may think that no material aid should be given, even 
in the earliest stages ; that, were it given, rigour and exactitude of 
demonstration would be at an end. No ; it must be as rigorous at 
the first step as at the last — ^the reasoning run in one thread aU 
through. The apparatus suggested are not intended to be sub- 
stitutes for reasoning, but helps to enable the pupil to reason 
better. Exactly as a telescope is not a substitute for a know- 
ledge of the stars, but a means whereby we may know them 
better. To the pupil of medium ability, models and diagrams 
8 re means to an end — spectacles to aid a weak vision, not 
required by the clear-sighted, but valuable to him. But a 
theorem will now and then present itself where this extraneous 
aid will not avail, the reasoning of which may prove too intricate. 
Let us take, for instance, the fourth case of equal triangles 
(Theor. 11, Chap, IIL)^ the reasoning in which is rather intricate. 
What is to be done? Let the pupil pass over the difficult 
theorem^r the time being ; and, assuming it to be true, proceed to 
the next. This is what a judicious teacher does in other subjects ; 
not meaning thereby that the pupil should never afterwards learn 
the proof, but that he should; that is, returning to it when he is 
stronger, should i?ien learn it. And this directs attention to a 
remarkable fact connected with the mathematical education of 
this country, which is not commonly noticed. It is curious that 
one of the branches of mathematics, geometry, is taught in 
schools on a principle the very opposite of that which is adopted 
in teaching arithmetic and algebra. It is not considered necessary, 
in teaching these latter subjects, to rack the pupil's brain with 
the reason of every rule he learns. The tendency is to the 
opposite extreme — ^to require no reasons at all, and reduce educa- 
tion in these sciences to learning certain rules by heart, and 
mechanically working them out in practice. And another 
singular circumstance is, that very often the teachers who insist 
that not a link of the chain of abstract reasoning be left out by 
the infant who tries to master one of Euclid's propositions, is 
often found condemning, as utterly useless, the requiring of the 
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same pupil to know the reason of the rules he works in algebra. 
He allows him, in darkness as to the reason of the mysterious 
operation he is performing, to solve a quadratic equation, find 
the greatest common measure, or tlie ralue of a circulating 
decimal ; but he must not venture to believe the palpable truth 
that the base angles of an isosceles triangle are equal until he 
has, with the nicest accuracy, strung together the legs and angles 
of at least &ve triangles. Now, these are two extremes of error. 
They prove that education, taken either as a science or an art, 
is yet in its infancy. Such education is unphilosophic ; and we 
are yet, as regards that important instrument of {progress, 
behind Xenocrates and the Platonicians. 

There is a via media which to follow is wisdom in this, as in all 
other branches of education, namely, to train the infant reason, 
but not to strain it — ^to teach truths to some with the reasons, to 
others without them, reserving the proofs in the latter case for a 
more convenient season — ^beginning the geometric training of 
the mind in school early, carrying it on slowly but surely, and 
so conducting it with judgment that, by the time the youth is 
ready to matriculate, he may know such a book as Euclid with 
all itfl reasons, and approach the portals of his university without 
fear of exclusion, even though the inscription written above be 
dvdeiQ dyeiOfieTpriTOc eiviTio, 

The teaching of problems calls for a few remarks; and then we 
are done. It is the practical part of the science, and stands in 
the same relation to the theorems that sums in arithmetic do to 
the principles on which the rules by which they are worked are 
based. As geometry is taught in Euclid^s pages, the true nature 
and importance of the problem is lost sight of, it being there made 
no more than a step to, or a link in, the demonstration of the 
theorem. Teachers have often noticed that pupils at first take 
more readily to problems than to theorems. The operations are 
mechanical, the results tangible, and the reasoning is confirmed 
by the eye. And, if it be true that sight is an important ally in 
teaching geometry, the less clever portion of all school classes 
should be largely exercised at problems. The effort to make the 
constructions helps to give geometric ideas. A perception of the 
relations of the parts of the constructed figures grows on the 
mind ; and thus difficulties in theorem- demonstration, which at 
first seemed insurmountable, often of themselves gradually dis- 
appear. For example, if a pupil has been exercised in con- 
structing the cases of triangles, after having lightly gone over 
the theorems relating to them, the insight he will get into the 
details of the figures will, when he turns back on the theorems, 
enable him to understand superposition, juxtaposition, or any 
other kind of proof of these cases, much more easily than he 
could have done before. This is nothing but common sense ; the 
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resalt of experience in every other branch of education — ^the 
languages and the natural sciences. It is also the course taken 
in other departments of mathematics ; and why should it not 
* be the right coarse in geometry ? Each theorem should, there- 
fore, as soon as possible, be thrown into this practical form ; and 
the light obtained by the operation be allowed to reflect back 
on it. Moreover, all these constmctions should be made with 
accuracy, for the pupil should be allowed the satusfa'^tion of 
seeing that the result at which he has arrived is lUce what it 
professes to be. 

Against all this problem exercise, it may be urged that accuracy 
in doing sums in arithmetic is of practical utility, whereas no such 
reason can be given for this problem exercise. There is, no doubt, 
this difference in the two cases ; but there is also a resemblance. 
And on this resemblance, not that difference, our remarks are based, 
namely, that practice in every science throws light on principles. 
The most the objection proves is, that there ought to be more 
exercise in arithmetic than in geometry, by no means that there 
should be none in the latter. 

But there is a case exactly in point. It is acknowledged 
that making Liatin verses in school is not enforced with a 
view to making Englishmen Latin poets. The amount of 
school-boy energy consumed annually on Latin verses is enor- 
mous ; but the justifying reason given for the expenditure is, 
that practice throws light on principles — ^that the pupil is helped 
by it to know, to} speak, and to write his Latin better. This is 
all that is here claimed for exercises in geometric problems. But 
there is this difference in the two cases, namely, that one is a 
beaten track that it is hard to get people out of, whereas the other 
is a new one that it is equally harcl to drive them into. 
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